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Truncation error bounds of branched continued fraction
expansions of special ratios of Horn’s hypergeometric

functions H,
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ABSTRACT. The paper considers the branched continued fraction extensions of special ratios of Horn’s hypergeo-
metric functions H4 with real parameters and variables. Truncation error bounds are established for such expansions
with certain conditions on their coefficients. Some domains of analytical continuation of the above-mentioned special
ratios are also established using the PF method (based on the so-called property of fork for approximants of a branched
continued fraction).
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1. INTRODUCTION

The study of special functions has been and remains relevant for several centuries due to
their practical application in many fields of science [6, 16, 20, 22].

The paper investigates branched continued fraction expansions of the ratios of hypergeo-
metric functions of two variables [15, 16, 17]. An overview of such expansions was described
in [3]. The application of branched continued fraction expansions to the approximation of spe-
cial functions represented by double hypergeometric series were considered in [1, 2, 7, 14]. In
this paper, we continue our study of the expansions of special ratios of the Horn’s hypergeo-
metric functions Hy [2,9, 10, 11, 12, 8].

Recall that the function Hy is defined as (see [15, Section 5.7] and [17])

— (@)2r1s(B)s 2] 25
H(a?ﬁ;’%(SQZ): LG L Rt Y
' r;o (’Y)T(a)s rl sl

where , 3,7, € Cherewith v, ¢ {0,-1,-2,...}, 2z = (21, 22) € Dy 4,
(1.1) Dpq=12€C?: |a| <p, 22| <q}, p>0,4>0 dp=(¢-1)% ¢ #1,
(&) is the Pochhammer symbol, (), = I'(€ + k)/I'(§), I'(2) is the gamma function.
Note that some relations for the Horn’s hypergeometric function H, were obtained in [5, 19,
21], including differentiation and integration formulas, series for special values of parameters

and variables, and some generating functions for various special functions in terms of this
function.
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As a special case of [1, Theorem 1], we have the following theorem:

Theorem A. The ratios

1.2) Hy(o, 57, B z)

' Hy(a+1,8;7+1,8;2)
(1.3) Hy(a,0 +1;7,0;2)

’ Hy(a+1,6+1;7,6 + 1;2)’
and

(1.4) Hy(o, 6 +1;v,0;2)

H4(C¥, d + 27776 + ]-’ Z)
have formal branched continued fraction expansions
a1 z1

(15) 1-— z9 —

a221 ’
a3z

1— .

1—2’2—
1—22—

where
2y—a+k—1)(a+k)

= 9 k> ]-7
N R . R N
6—04 b1z1
(16) 1- 5 z29 — b221 y
1— Z9 —
1-— Z9 — b321
1— .
where
2(a+1) 2y—a+k-3)(a+k)
1.7 b= ———%, by = , k=2,
(17) ! gl YT k-2 k1)
and
d
(1.8) 14 LR ,
1-— dlzg - CaZ1
1— d222 -
1—
where
o e 2(a+1)
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(19) do= 5541 @ s+1 N
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dp =1, ¢ = , k>2,
(y+E=2)(v+k—-1)
respectively.

Different domains of analytical continuation of ratio (1.2) by branched continued fraction
(1.5) were established in [1, 12] by the PC method (based on the so-called principle of corre-
spondence between a formal double power series and a branched continued fraction). Some
domains of convergence of the expansion (1.6) and (1.8) was studied in [11] and [10], respec-
tively. Truncation error bound for expansion (1.5) with certain conditions on real parameters
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was established in [8]. Here, a new domain of analytical continuation of (1.2) was also es-
tablished by the PF method (based on the so-called property of fork for approximants of a
branched continued fraction).

As in the theory of continued fractions [18], we have the following definition:

Definition A. Let for eachz € ©,D C C2, the branched continued fraction
2

(1.10) vo(z) + Y s (2)

v, (2) + Z Uiz (2)

ia=1 Uiy ig (Z) + .

i1=1

converges to the finite value f(z), where vo(z), u;, (z), vi, (2), Wi, i, (Z), Vi, iy (2), ... are functions of
z. Let f,(z) denote the kth approximant of (1.10), k > 1. Then

f(2) = fi(2)
is called the truncation error of the kth approximant, and
f(2) = fi(2)| < Ck(z)

is called a priori bound (or truncation error bound), where Cy(z) > 0 and Cy(z) — 0as k — +oc for
allz € ®.

In this paper, we obtain truncation error bounds for branched continued fractions (1.6) and
(1.8), and also establish domains of analytical continuation of the functions (1.3) and (1.4).

2. MAIN RESULTS
The following theorem holds.
Theorem 2.1. Suppose that o,y and ¢ are real numbers such that
(2.11) 0<di <K, 0<c <K, k21,

where dy, ci, k > 1, are defined by (1.9), v ¢ {0,—1,-2,...},§ & {0,—1,—-2,...}, k is a positive
number. Then:

(A) The branched continued fraction (1.8) converges to a finite value f(z) for each z € ©,,, where

. 1+0

(2.12) @n:{ZERQ:21§0,22§n},0<n<mm{1a+571}.

(B) The convergence is uniformly on every compact subset of Int(®,,), and f(z) is analytic on

Int(D,,).
(C) Foreachz € ®, and forn >3
_ _aV=2(1 _ —2 n—1
F(2) — fu(2)] < |dol|z2](|z2](1 — 22) + K[z1])(1 — 22) ~*(1 22+H\221|) (fi|fil_|l ’
(1 —diz2)((1 — drz2)(1 — 22) + K[z1[)((1 — 22) + Klz1])

where f,,(z) is the nth approximant of (1.8).
(D) The function f(z) is an analytic continuation of (1.4) in Int(D,,).

Note that the conditions (2.11) are satisfied if 0 < o < § + 1 and o < 2y — 1.

Proof of the Theorem 2.1. Let us use the idea of the proving Theorem 1 from [8]. First we set

(2.13) UM (z) =1, n>1,
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and
CL21

U,g") (z) =1—dgzs — i ,

1 —dri120 —
Cn—2%1
1—dp_122 —cp_121

C—dp_o20 —

where1 <k <n-—1, n> 2. Then

(2.14) U (2) =1 —dyzn — —— 1<k <n—1,n>2,
UkL(Z)
and
d
fn(z):1+ (S;Z2 , n>1
Uy (z)

Now, we will proof (A). Let z be an arbitrary fixed point in (2.12). From (2.11) it follows that
the coefficients di, ci, k > 1, are positive real numbers. Using inequalities from (2.12) and the
relations (2.13) and (2.14), for any n > 2 we obtain

n C1z
Ul )(Z): —dlzg—%
5> (2)
>17d12’2
>1—din
>0,

and for arbitrariesn > 3and 2 < k <n — 1, we get

n Crz
UIE )(Z):l—deQ—#
Uk+1(z)
>1—2
>1-n
> 0.

This allows us to use the well-known formula form [4, p. 28]. Therefore, forn > 2 and k£ > 1

n—1
— Cn 21 Cr
Fusaln) — fule) = docf <+> 1 Gy
Ul @) ) 15 08 @)U (2)

or the same

dozf_lzg Cn?1
frik(2) — fn(z) = P e AN
U\ (2)U3" (2) Uit (2)

[(n—1)/2] [(n—2)/2]
Cor—1 Cor

o U (2) U (2) Us? (2)US2, (2)

)

r=1

where [.] denote integer part, g =n + k,p =n,ifn=2s,and g =n,p=n+k,if n = 25 — 1,
s> 1.
Now, for arbitraries m > 2 and k£ > 2 we have

dOZQ ‘d0||22| 1 Cm 21 1 ( K‘Zl| )
< ) Z2 + < |za| + —— |,
Ui ~ L dz v e T o e)) T L=z
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for any m > 2 we obtain
C121
C121 U2(m+1) (Z)

m m = C1Zz
U @U T (@) 1 dizg - ——
U, (z)

C1 |Zl |
Uy (2)

AN

- Cl|21‘
L-diz+ —aom

Uy (2)

< alct :
(1 — dlzg)(l — 2’2) + Ii|2’1‘

for arbitraries m > 3and 2 < k < m — 1 we get

CL21
m—+1
K21 _ U (2)
U @)U (z) 1y — L
1
Uy (2)
cklz|

U ()

cx|z1]
m—+1
UIEJ )(Z)
k|21
T (1 2)? +slal

1— 20+

and, finally, for any m > 2 we have

CmZ1 o CmZz1
U @)U () 1= 2 = enn
k|21

T 1— 2+ k||
Thus, for n > 3 and k > 2, we obtain
|dol|22(l22|(1 — 22) + Klz1 [)(1 = 22)"2(1 — 22 + K|z [) 2 (Kl )"
2.15 nik(2) — fa(z)] < .
( ) ‘f +k( ) f ( )‘ (1—dlzg)((l—d122)(1—22)+1€|21‘)((1—2’2)2+I€|Z1|)n_
It is obvious that for an arbitrary fixed z € D,
|dol|22(l22|(1 — 22) + Klz1[)(1 = 22)"2(1 — 22 + K|z [) 2 (Kl )"
(1= diz2)((1 = drz2)(1 — 22) + Klz1[)((1 — 22)* + Kz )" 3
as n — +oo. Therefore, the arbitrariness of k it follows (A).
Next, we will proof (B). Let £ denote an arbitrary compact subset of Int(®,,). Then there
exists an open ball of radius L such that forn > 3, k > 2 and for all z € £, we get
|do| L(L(1 =) + kL)1 —n)~*(1 =0+ kL) (xL)" "
(1= din)((1 = din)(L = n) + £L)((L = n)? + KL)"=2
|dol(1 —n+ k)1 —n)2(1 = n + kL) 2" 1L
(1= din)((1 = din)(1 = n) + £L)((1 = n)* + £L)" =3

—0

[fnik(2) — fu(z)] <
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Next, for arbitrary integer numbers g, p such that ¢ > 2, p > n > 2, and for all z € £, we have

| fo+a(2) = fp(2)| < |fprq(2) = fu(2)| + [fp(2) — fu(2)]-
Furthermore, since
|do|(1 —n + k)1 —n) (1 —n+rL)~2k" 1L
(1= din)((1 = din)(1 —n) + £L)((1 —n)* + kL)"~3
as n — +oo, it follows (B).
(C) follows directly from (2.15).
Finally, we will proof (D). It is obvious that
Hy(a, 6+ 157,0;0)
Hy(a, 04+ 2;7,6 + 1;0)
Then, there exists 0 < € < 1 such that (1.2) is an analytic function in the domain

— 0

=1

Dpge={2€R*: —pe <2 <0, —ge < 2o <0},
and
Dp.g.e C (Dp,g NInt (D)),
in particular,
gp,q,l/Z C (:Op)q M Int(@n)),

where ©,, ; is defined by (1.1).

Let z be an arbitrary fixed point in ©,, ;.. It is clear that all elements of expansion (1.8) are
positive numbers. This means that the approximants of (1.2) have the property of fork (see, [4,

p- 29])
fon(2z) < font2(2) < fons1(2) < fon—1(z), n>1

and, therefore, the sequences { f2,,(z)} and { fon—1(z)} converge to a finite value f(z).
Let n be an arbitrary natural number. Consider the following expression

H4(Oé, 5 + 17775,Z)

—Jn ) 2 17
Hy(a, 6 +2;7,0 + 1;2) Fnl2), m
where (see [1])
Hy(a, 0+ 1;7,6;2) — 14 dozo
Hy(a,6+2;7,6 + 1;2) 1—dyzy — az ’
11— d Cn21
—dpzg — ———
ovie
and
(n+1) H4(a,5+n+2,’y,(5+n+1,Z)
Vn+1 (Z) = .
Hy(a,0 +n+3;7,0 + n+2;2)
Similar to (2.14), we have
CLz
(2.16) VIt (z) =1 — dyzy — — o L<k<n,
Vk+1 (2)
where
VO (2) = 1 — dyzg k21 T ,1<k<n
1 —dpi120 — s
1—. Ao Cn21
F—nZ = oy
Vi ()
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It is obvious that Uk") (z) # 0 and Vk(")(z) #0forl <k <nandforze D,,.. Using (2.13),
(2.14), (2.16), and [4, Formula (3.3)], we get

Hy(a,0 4 1;7,0;2) 1 Cnt1%1 o, Cr
— fu(z) =doz] 22 | 22+ .
O R Ea T e S =y B U v s

Then, forallz € ©, , . we have
Hy(o, 6+ 157,03 2)

@) < a5t 200+ ey < 2 (®)
Next, from the fork property of approximants of (1.2) it follows that forallz € ©, 4 .
lim f2n(Z) = lim f2n—1(z) = f(Z)

n—-+oo n—-+oo

and, therefore, forallz € ®, .,
Hy(a,d + 157,05 2)

f(z) = Hy(o, 8 +2;7,0+ 1;2)°
Finally, from [13, Theorem 3], it follows (D). O

The following result can be proved in much the same way as Theorem 2.1.

Theorem 2.2. Let o, § and ~y be real numbers such that satisfy the inequalities
i%9>ao<mgak2L
where by, k > 1, are defined by (1.7), v ¢ {0, -1, -2,...},d € {0, —1,—2,...}, 7 is a positive number.
Then:
(A) The branched continued fraction (1.6) converges to a finite value g(z) for each z € Q,,, where

(2.17) QWZ{ZERQZ21§0,22§7]},0<’I7<1.

(B) The convergence is uniformly on every compact subset of the domain Int(Q,), and g(z) is
analytic function on Int(Q,).
(C) Foreachz € Qy,andn > 2

(|22l(1 = z2) + 7|21 ) (7[21])"
= 22)3(1 = 22 + 7|21 [) (1 — 22)% + 7]21 )2

where g,,(z) is the nth approximant of (1.6).
(D) The function g(z) is an analytic continuation of the function (1.3) in the domain Int(Q,,).

\ﬂﬂ—%@ﬂéu

By setting o = 0 and replacing ¢ with § — 1 in Theorem 2.2, we have the following result.

Corollary 2.1. Let § and ~y be a real number that satisfy condition
k(2y —k—3)
(v+Ek=2)(v+k—-1)
herewith § ¢ {1,0,—1,—-2,...},v & {0,—1,—2,...}, X is a positive number. Then:

(A) The branched continued fraction

2
0<-<A0< <A k>2
v

(2.18)

converges to a finite value h(z) for each z € Q,, where Q,, is defined by (2.17).
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(B) The convergence is uniformly on every compact subset of the domain Int(Q,,), and h(z) is
analytic function on Int(Q,,).
(C) Foreachz € Q,andn > 3

(I22](1 = 22) + Az )(Aza )"
(1= 22)°(1 = 22 + Az (1 = 22)* + Alza )"~
where hy,(z) is the nth approximant of (2.18).

(D) The function h(z) is an analytic continuation of the function Hy(1,6;~,0;z) in the domain
Int(Q,).

Note that in Corollary 2.1 and [8, Corollary 1] there are different conditions on the parame-
ters § and ~.

The truncation error bounds for branched continued fractions (1.5), (1.6) and (1.8) in C? will
be discussed in our next paper. The convergence of the expansions for functions (see [1])

Hy(a, B57,06;2) Hy(a, B;7,6;2) Hy(a,B;7,0;2)
H4(O[+ 17ﬂa7+ 1,(5;Z), -[7[4(04+ 17ﬁ7’7a5+ 1;Z)’ H4(C¥,6+ 1a775+ 17Z)

remains open.

|h(z) = hn(z)] <
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