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About Borel type relation for some positive integrals
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ABSTRACT. The manuscript contains new results describing asymptotic behavior of functions which are repre-
sented by integrals of the form F(z) = 0+°° a(t) f(z + t)v(dt), where v is locally finite measure on R, a is positive
v-measurable function, f is positive and increasing to +oco in [0, +00) function such that f(0) = 1 and In f(z) is
convex on the interval [0, 4+oc0) function. The obtained main result was applied to the study of the stability of the

OO
maximum term of the series of the form F(z) = Y anf(An +2), an >0 (n >0).

n=0
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1. INTRODUCTION

Everywhere in the text below we suppose that A = (\,) is a positive non-decreasing se-
quence, i.e., Ag = 0and A\, — +ooasn — +oo,and f: R := (0, +00) — R, is a positive Borel
function. In addition, let v be a Borel measure on the o-algebra B(R.) of Borel sets from R.
We also denote by I(v, f) the class of functions F': Ry — Ry represented for each = € R by the
integral of the form

+oo
(L1) Fa)= [ atts(eman.

where a: [0,+00) — [0,400) is a Borel function. In the case v(dt) = dn(t), where n(t) =
>, <¢ 1 is the counting function of the sequence A, we obtain the class D(A, f) := I(v, f) of
series of the form

(1.2) F(z) = ianf()\nx), an >0 (n>0),
n=0

where a,, = a(\,) > 0 (n > 0). For the functions a(¢): [0, +00) — [0, +00), f(t): [0, +0) —
[0, +00), a measure v and every x > 0, we denote

() = sup{a(t) f(tz): t € supp v}.
Remark 1.1. supp dny = {\,: n > 0}. Therefore,
p(z) = sup{an f(tAn): n > 0} := p(z, F)
is the maximal term of the series (1.2).
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In papers [7, 2], the conditions were obtained under which, the Borel-type asymptotic rela-
tion
(1.3) In F(z) = (1+0(1)) In . ()
holds as ©+ — +oo for series of the form (1.2) outside some set of finite Lebesgue measure,
where f is a positive functions on R, such that the auxiliary function y = In f(z): Ry — Ry

is a convex function on Ry.
In particular, in paper [2] the following theorem was proved.

Theorem 1.1 ([2]). If condition

+oo
(1.4) / t2Inwg(t) dt < +o00
0

holds with vy(t) = v{u > 0 : In f(u) < t}, then for every function F € I(v, f) there exists a set E of
finite Lebesgue measure such that the asymptotic relation (1.3) holds as x — +o0 (x ¢ E).

In the case v(dt) = dn,(t), condition (1.4) is equivalent (see results for positive integrals [6]
and for the Dirichlet series [2, 4, 5]) to the condition
400 1
1. —_ .
(1.5) ;nlnmnﬁﬁo

Therefore, from Theorem 1.1 we obtain:

Theorem 1.2 ([7]). Let f: Ry — Ry be a differentiable function such that the function ln f(x):
R+ — Ry is a convex function and a non-negative sequence (Ay,) be such that 0 < A, T +o0 (0 <n 1
+00). If a function F represented on (0, +00) by a series of form (1.2) and condition (1.5) holds, then
there exists a set E C (0,+00) of finite Lebesgue measure such that asymptotic relation (1.3) holds as
x— +oo(x ¢ E).

In [6], a similar result about the Borel-type relation (1.3) was obtained for more general
positive integrals of the form

+oo
(1.6) F(z) = / a(t)f(tx + B(t)r(2))w(de),

which are, in particular, generalizations of the Taylor-Dirichlet type series. Here a(t), 5(t) are
the positive Borel functions and a function f is the same as above.

Theorem 1.3 ([6]). Let F be a function of form (1.6). If function 7(z): Ry — Ry is differentiable on
[0, +00) such that 7/ (x) > 1 (x > xo) and the condition (1.4) holds with

vo(t) =v({u>0: Inf(u+ B(u) <t}),
then for every function F of form (1.6) there exists a set E of finite Lebesgue measure such that the
asymptotic relation (1.3) holds as x — 400 (x ¢ E).

In article [8] (see also [14, 15, 16]), there was considered regularly convergent series of the
form

+oo
(1.7) G(2) = bug(zhn),
n=0

thatis Me(r) := S22 |bu| My (rB,) < +oo forall » > 0, where g(z) is some entire function, (43,,)
is a given non-negative sequence such that 3,, T +oo (n T +00) and M, (r) = max{|g(z)|: |z| =

r}. If we now denote F(z) = Mg (x), f(z) = My(z), A\, = B,, then we obtain a series of form
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(1.2), where the function In f(z) is logarithmically convex, that is, the function A(z) := In f(e”)
is a convex function on R. The growth and expansion properties of similar series were also
studied in [9, 10, 17] the Hadamard composition of such series was considered in [11], the
boundedness of the ¢ — Mi-index for them recently was examined in [12, 13].

For the function f(x) = e® we obtain an entire Dirichlet series F((z) = >_°7 | a,e* . Then,
provided 3% 1/(nln f(\,)) = 317 1/(nA,) < +o0, from Theorem 1.2 it follows the state-
ment of theorem in [4] for entire Dirichlet series. Note that in the case where the function
In f(z) is not convex, we cannot apply the statement of Theorem 1.2. The following conjecture
from the article [8] is particularly relevant to this circumstance.

Let us denote I'(x) = x(In f(x)),.

Conjecture 1.1 ([8]). If

n=1

then asymptotic relation (1.3) holds as x — +oco outside some exceptional set E such that [, T y(z)% <

+oo for every functions F' of form (1.2).

For each entire transcendental function f we get I'y(r) = r(In M;(r))’. * 400 (1 = 400).
Therefore, from condition jE r f(;z:)df < +oo it follows that || B df < 400, that is, a set E has
finite logarithmic measure (it was incorrectly written in [3] that the set E has finite Lebesgue
measure).

Note that in different cases the condition (1.5) can be either weaker than the condition (1.8)
or stronger. Indeed, if we choose ([3]) In f(t) = (Int)'*¢, o > 0, then T'4(r) = (1 + ¢)(Int)¢ and
the condition (1.5) is weaker than the condition (1.8). However, in the case of I'y(r)/r ,* 400
(ro <r — +00), we have

@) =t fro) = [ ar<rs0) (o 4o0)

Therefore, the condition (1.5) is, in general, stronger than the condition (1.8). However, there
is a nuance. Under the conditions of Sheremeta’s conjecture the function In f(x) should be
considered logarithmically convex. And in the statement of Theorem 1.2, the function In f(z)
is convex. One should observe that the condition I's(r) /r 400 (rg < r — 400) means that as
in Theorem 1.2 the function In f(z) is convex. Let us now formulate the following conjecture.

Conjecture 1.2. The statement of Conjecture 1.1 ([8]) holds in case if a function f is such that the
function In f(x) is convex.

Similar conjecture we formulate also about the Borel relation for the class I(v, f).

Conjecture 1.3. If condition (1.4) holds with vy(t) = v{u > 0 : In f(u) < t} and a function f is such
that the function In f(x) is convex, then for every function F' € I(v, f) there exists a set E such that

I} o0 L@ g3 < 400 and the asymptotic relation (1.3) holds as x — +oo (z ¢ E).

o x

2. MAIN RESULT

Let I (v, f) be the class of functions F' : Ry — R, represented by integrals of the form

“+o0
F(z) = /0 a(t) f(x + t)v(dt),
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where v is locally finite measure on Ry, a is positive v-measurable function, f is positive and
increasing to 400 in [0, +00) function such that f(0) = 1 and In f(z) is convex on the interval
[0, +00) function.

The following statement is an analogue of Theorem 3.1 for integrals from the class I (v, f)
and gives a positive answer to Conjecture 1 from [1].

Proposition 2.1. If condition

+oo
(2.9) / t2Inyy(t) dt < 400
0
holds with vy(t) = v{u > 0: (In f(u))" < t}, then for every function F € 1, (v, f) there exists a set E
of finite Lebesgue measure such that the asymptotic relation
InF(z) < (14 0(1))Inpu(z, F)

holds as © — oo, (x ¢ E), where p(x, F) = sup{a(t)f(x +t) : x € supp v} and supp v is the
support of the measure v.

Proof. Denote g(z) = In F(z). In the following proof, we reason similarly to the proof of Corol-
lary 3.1 in [3]. We assume that f’(z) denotes the right-hand derivative.

Since go(x) := In f(z) is convex functionon R, (In f(¢))’ < (In f(u))’|
for fixed « > 0 and for every ¢ > 0. Then for fixed 2 > 0

< 29’@)} c{t>0: (Inf(t)) <24 (x)} = Go,

and f'(z+t) >0

u=x+t

G:=G, = {t > 0: (In f(u))

u=x+t

where g(z) := In F(z). Hence,
V(G) < v(Go) = (29 (2)).

Forz > 0and ¢ ¢ G,, we have (In f(u))’ > 2¢'(x), e,

u=x+t
f(t 4 )
a(t)f(t+ x)v(dt) = a(t) ————v(dt)
RXG RXG (n F@)T,_y,
1 /
<5 [ aOresama
R4\G

F(m) / _ F(.’L’)
< spig [ e e+ apian = =2

because F'(z) = [ a(t)f'(t + x)v(dt). So,

R
Fla) = G[ a(t) f(t + 2)w(de) + /}R IRCHERED
< /a(t)f(t—i—x)u(dt) + @
Therefore, ’
@10)  F(a) <2 [ (t+ 0w(dt) < 20w, FI(G) < e Fa(2g (@), @ = a0,
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where vy (t) := v{u > 0: (In f(u)) <t}.
Now we need the following lemma ([6, 5]).

Lemma 2.1. For a given non-decreasing function vy(t): Ry — Ry the condition
T dIng(t
2.11) (Tto > 0): / %() < +o0,
to
is equivalent to each of the following two conditions: i) condition (2.9); ii) there exists a continuous
function : Ry — Ry such that ¢¥(t) T +oo (to <t — 400) and

+oo
(2.12) / LU +00, Invy(t) = o(v~1(t)) (t = 400).
oY)
For the function ¥ (t) = ¥(t)/2 let us denote a set
E:={x>zo: g'(x) = to(g(x))}.
Then, we obtain the following estimate of the Lebesgue measure for the set £

/ T +oo
(2.13) meas (Eﬂ[xo,—i-oo))—/deg/Ewé](;(;))dxg/o wjfw < +o0,

i.e., the set E has finite Lebesgue measure. Therefore, from inequality (2.10) and relation (2.12)
we obtain finally

In F(z) <In2+Inpu(z, F) + Inv (29 (x))
<02+ In p(z, F) + nwo(9(9(2))) = I p(e, F) + o(g(z))
asx — +oo (x ¢ F). Hence, In F(z) < (1 +0(1)) Inpu(z, F)asx — +oo (z ¢ E).

3. COROLLARY: STABILITY OF A MAXIMAL TERM

In view of Proposition 2.1 and Lemma 2.1, we obtain the following corollaries.

Corollary 3.1 ([3], Theorem 2). Let f: Ry — Ry be a differentiable function such that the function
y = In f(x): Ry — Ry is a convex function and the right-hand derivative L(x, f) := (In f(x))!, T
+oo (& > x0); (An) be a non-negative sequence such that 0 < A, T 400 (0 < n 1 400). If a function
F represented on (0, +oc) by a series of form

(3.14) F(x) =) anf(An +2), an>0 (n20),
n=0
and the condition
+oo 1
3.15 —— <+
G159 2 o)

holds, then there exists a set E C (0,400) of finite Lebesgue measure such that asymptotic relation
InF(z) = (14 0(1)) Inpp(x) holds as © — +oo (x — +oo, © ¢ E), where
pr(z) = max{a,f(A, +x): n > 0}.
Hence, for series of the form (1.7) we obtain the following corollary.
Corollary 3.2 ([3, Corollary 1]). Let (3,) be a non-decreasing to +oo sequence and a function G
represented by reqularly convergent functional series of form (1.7), where g is an entire function. If

condition (1.8) satisfies, then the relation In Mq(r) = (1 + o(1)) In ug(r) holds as r — +oo outside a
set of finite logarithmic measure, where pic(r) = max{|b,|My(rB,): n > 0}.
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Let L be a class of positive continuous on Ry := [0, +00) functions I(¢) such that [(t) — +oco
(t = +00). By L} we denote the subclass of L such that [(t) T +00 as t — +oo, and by W the
class of functions w € L such that

“+oo
/x 2w(z)dr < +o0.
1

Let us denote by D, (), f) the class of functions F': Ry — R, of form (3.14). For a series
F € Dy (A, f) and any sequence (b,,), b, € Ry \ {0} (n > 0) we consider

+00 oo
=Y anbuf(@+ ), BT (x) = anb, f(z+ M)
n=0

n=0
We call that a series of the form (3.14) (maximal term of the series) is stable if the relations

(3.16) Inpu(z, F) = (1 +0(1))Inpu(x, BT) = (1 +o0(1)) Inpu(z, B7)
hold as ¢ — +oc0 outside some set E C [0, +00) of the finite Lebesgue measure, i.e., meas E :=
Jp dx < +o0.

For a function w € L let us denote
+oo
(l‘) = Z anew(An)f(x)‘n)'
n=0

Let us denote
w(t) =v{u>0: (Inf) <t}), v(@ =) "™
for every bounded set G € R.

Theorem 3.4. Let F € Dy (), f). If there exists a function w € Ly such that B, € Dy(\, f),
Invg € W and inequalities

(3.17) e ) < b, <O (0> ky),

are valid, then there exists a set E C R of finite Lebesque measure such that relation
(3.18) Inp(z, F)=(140(1))Inu(x,By) = (14 0(1))Inpu(z, B-)
holds as x — +o0 (x ¢ E).

Proof of Theorem 3.4. Note that relation (3.18) will follow from the fact that
(3.19) Inp(z, F) = (1+o0(1))Inp(z, By)

as x — +oo outside of some set E of finite Lebesgue measure. Let us prove relation (3.19). Let
a(t), b(t) be measurable nonnegative functions on R such that a(\,) = a,, b(\,) = ¢**») and

u(w, F) = sup{a(t) f(t+2) : t € Ry}, pla, Bu) = supla(®)b(t) f(t + ) : t € Ry},
It is enough to take that a(t) = 0 for ¢ ¢ {\,,: n € Z,}. Then for all z € R we get

(3.20) pu(x, F) < p(x, By) < By(x z anb\p) f(x 4+ An) = /a(t)f(t +z)v(dt),
R
where measure v is such that v(G) = 370 b(\,)dx, (G) for each bounded set G C Ry and

0x(G) = 1for A € G and 0,(G) = 0 for A ¢ G. Since G is bounded and \,, — +o0, it means
that the finite number of \,, belongs to the set G, i.e., for all n > no(G) one has 6, (G) = 0. In
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view of this, the series Z:Z% b(An)dx, (G) reduces to the finite sum >_"'° ( b(A,, )0y, (G). It yields
o-additivity of the measure v.

From the condition Invy € W we immediately get that condition (2.9) of Proposition 2.1
is satisfied, because we substitute w(z) = Ilnvy(z) in (2.9). Applying Proposition 2.1 to the
integral in (3.20), as ¢ — +o0 (x ¢ E), (here a set E is such as in Proposition 2.1) we obtain

np(z, F) <Inp(z, By) < (1+0(1)) In g (2),

where . (x) = max{a(t)f(z +t): t € Ry}. As for the choice of function a(t), we get p.(z) =
p(x, F) and deduce relation (3.19). O
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