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About Borel type relation for some positive integrals
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ABSTRACT. The manuscript contains new results describing asymptotic behavior of functions which are repre-
sented by integrals of the form F (x) =

∫+∞
0 a(t)f(x+ t)ν(dt), where ν is locally finite measure on R+, a is positive

ν-measurable function, f is positive and increasing to +∞ in [0,+∞) function such that f(0) = 1 and ln f(x) is
convex on the interval [0,+∞) function. The obtained main result was applied to the study of the stability of the

maximum term of the series of the form F (x) =
∞∑

n=0
anf(λn + x), an ≥ 0 (n ≥ 0).
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1. INTRODUCTION

Everywhere in the text below we suppose that λ = (λn) is a positive non-decreasing se-
quence, i.e., λ0 = 0 and λn → +∞ as n→ +∞, and f : R+ := (0,+∞) → R+ is a positive Borel
function. In addition, let ν be a Borel measure on the σ-algebra B(R+) of Borel sets from R+.
We also denote by I(ν, f) the class of functions F : R+ → R+ represented for each x ∈ R by the
integral of the form

(1.1) F (x) =

∫ +∞

0

a(t)f(tx)ν(dt),

where a : [0,+∞) → [0,+∞) is a Borel function. In the case ν(dt) = dnλ(t), where n(t) =∑
λn≤t 1 is the counting function of the sequence λ, we obtain the class D(λ, f) := I(ν, f) of

series of the form

(1.2) F (x) =

∞∑
n=0

anf(λnx), an ≥ 0 (n ≥ 0),

where an = a(λn) ≥ 0 (n ≥ 0). For the functions a(t) : [0,+∞) → [0,+∞), f(t) : [0,+∞) →
[0,+∞), a measure ν and every x > 0, we denote

µ∗(x) = sup{a(t)f(tx) : t ∈ supp ν}.

Remark 1.1. supp dnλ = {λn : n ≥ 0}. Therefore,

µ∗(x) = sup{anf(tλn) : n ≥ 0} := µ(x, F )

is the maximal term of the series (1.2).
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In papers [7, 2], the conditions were obtained under which, the Borel-type asymptotic rela-
tion

(1.3) lnF (x) = (1 + o(1)) lnµ∗(x)

holds as x → +∞ for series of the form (1.2) outside some set of finite Lebesgue measure,
where f is a positive functions on R+, such that the auxiliary function y = ln f(x) : R+ → R+

is a convex function on R+.
In particular, in paper [2] the following theorem was proved.

Theorem 1.1 ([2]). If condition ∫ +∞

0

t−2 ln ν0(t) dt < +∞(1.4)

holds with ν0(t) = ν{u ≥ 0 : ln f(u) ≤ t}, then for every function F ∈ I(ν, f) there exists a set E of
finite Lebesgue measure such that the asymptotic relation (1.3) holds as x→ +∞ (x /∈ E).

In the case ν(dt) = dnλ(t), condition (1.4) is equivalent (see results for positive integrals [6]
and for the Dirichlet series [2, 4, 5]) to the condition

(1.5)
+∞∑
n=1

1

n ln f(λn)
< +∞.

Therefore, from Theorem 1.1 we obtain:

Theorem 1.2 ([7]). Let f : R+ → R+ be a differentiable function such that the function ln f(x) :
R+ → R+ is a convex function and a non-negative sequence (λn) be such that 0 ≤ λn ↑ +∞ (0 ≤ n ↑
+∞). If a function F represented on (0,+∞) by a series of form (1.2) and condition (1.5) holds, then
there exists a set E ⊂ (0,+∞) of finite Lebesgue measure such that asymptotic relation (1.3) holds as
x→ +∞ (x /∈ E).

In [6], a similar result about the Borel-type relation (1.3) was obtained for more general
positive integrals of the form

(1.6) F (x) =

∫ +∞

0

a(t)f(tx+ β(t)τ(x))ν(dt),

which are, in particular, generalizations of the Taylor-Dirichlet type series. Here a(t), β(t) are
the positive Borel functions and a function f is the same as above.

Theorem 1.3 ([6]). Let F be a function of form (1.6). If function τ(x) : R+ → R+ is differentiable on
[x0,+∞) such that τ ′(x) ≥ 1 (x ≥ x0) and the condition (1.4) holds with

ν0(t) = ν
(
{u ≥ 0: ln f(u+ β(u)) ≤ t}

)
,

then for every function F of form (1.6) there exists a set E of finite Lebesgue measure such that the
asymptotic relation (1.3) holds as x→ +∞ (x /∈ E).

In article [8] (see also [14, 15, 16]), there was considered regularly convergent series of the
form

(1.7) G(z) =

+∞∑
n=0

bng(zβn),

that is MG(r) :=
∑+∞

n=0 |bn|Mg(rβn) < +∞ for all r > 0, where g(z) is some entire function, (βn)
is a given non-negative sequence such that βn ↑ +∞ (n ↑ +∞) and Mg(r) = max{|g(z)| : |z| =
r}. If we now denote F (x) = MG(x), f(x) = Mg(x), λn = βn, then we obtain a series of form
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(1.2), where the function ln f(x) is logarithmically convex, that is, the function h(x) := ln f(ex)
is a convex function on R. The growth and expansion properties of similar series were also
studied in [9, 10, 17] the Hadamard composition of such series was considered in [11], the
boundedness of the ℓ−M-index for them recently was examined in [12, 13].

For the function f(x) = ex we obtain an entire Dirichlet series F (x) =
∑∞

n=1 ane
xλn . Then,

provided
∑+∞

n=1 1/
(
n ln f(λn)

)
=

∑+∞
n=1 1/

(
nλn

)
< +∞, from Theorem 1.2 it follows the state-

ment of theorem in [4] for entire Dirichlet series. Note that in the case where the function
ln f(x) is not convex, we cannot apply the statement of Theorem 1.2. The following conjecture
from the article [8] is particularly relevant to this circumstance.

Let us denote Γf (x) = x(ln f(x))′+.

Conjecture 1.1 ([8]). If

(1.8)
∞∑

n=1

1

nΓf (λn)
< +∞,

then asymptotic relation (1.3) holds as x→ +∞ outside some exceptional setE such that
∫
E
Γf (x)

dx
x <

+∞ for every functions F of form (1.2).

For each entire transcendental function f we get Γf (r) = r(lnMf (r))
′
+ ↗ +∞ (r → +∞).

Therefore, from condition
∫
E
Γf (x)

dx
x < +∞ it follows that

∫
E

dx
x < +∞, that is, a set E has

finite logarithmic measure (it was incorrectly written in [3] that the set E has finite Lebesgue
measure).

Note that in different cases the condition (1.5) can be either weaker than the condition (1.8)
or stronger. Indeed, if we choose ([3]) ln f(t) = (ln t)1+ϱ, ϱ > 0, then Γf (r) = (1 + ϱ)(ln t)ϱ and
the condition (1.5) is weaker than the condition (1.8). However, in the case of Γf (r)/r ↗ +∞
(r0 ≤ r → +∞), we have

ln f(x)− ln f(r0) =

∫ r

r0

Γf (t)

t
dt ≤ Γf (r) (r → +∞).

Therefore, the condition (1.5) is, in general, stronger than the condition (1.8). However, there
is a nuance. Under the conditions of Sheremeta’s conjecture the function ln f(x) should be
considered logarithmically convex. And in the statement of Theorem 1.2, the function ln f(x)
is convex. One should observe that the condition Γf (r)/r ↗ +∞ (r0 ≤ r → +∞) means that as
in Theorem 1.2 the function ln f(x) is convex. Let us now formulate the following conjecture.

Conjecture 1.2. The statement of Conjecture 1.1 ([8]) holds in case if a function f is such that the
function ln f(x) is convex.

Similar conjecture we formulate also about the Borel relation for the class I(ν, f).

Conjecture 1.3. If condition (1.4) holds with ν0(t) = ν{u ≥ 0 : ln f(u) ≤ t} and a function f is such
that the function ln f(x) is convex, then for every function F ∈ I(ν, f) there exists a set E such that∫ +∞
x0

Γf (x)
x dx < +∞ and the asymptotic relation (1.3) holds as x→ +∞ (x /∈ E).

2. MAIN RESULT

Let I+(ν, f) be the class of functions F : R+ → R+ represented by integrals of the form

F (x) =

∫ +∞

0

a(t)f(x+ t)ν(dt),
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where ν is locally finite measure on R+, a is positive ν-measurable function, f is positive and
increasing to +∞ in [0,+∞) function such that f(0) = 1 and ln f(x) is convex on the interval
[0,+∞) function.

The following statement is an analogue of Theorem 3.1 for integrals from the class I+(ν, f)
and gives a positive answer to Conjecture 1 from [1].

Proposition 2.1. If condition ∫ +∞

0

t−2 ln ν0(t) dt < +∞(2.9)

holds with ν0(t) = ν{u ≥ 0 : (ln f(u))′ ≤ t}, then for every function F ∈ I+(ν, f) there exists a set E
of finite Lebesgue measure such that the asymptotic relation

lnF (x) ≤ (1 + o(1)) lnµ(x, F )

holds as x → +∞, (x /∈ E), where µ(x, F ) = sup{a(t)f(x + t) : x ∈ supp ν} and supp ν is the
support of the measure ν.

Proof. Denote g(x) = lnF (x). In the following proof, we reason similarly to the proof of Corol-
lary 3.1 in [3]. We assume that f ′(x) denotes the right-hand derivative.

Since g0(x) := ln f(x) is convex function on R+, (ln f(t))′ ≤ (ln f(u))′
∣∣
u=x+t

and f ′(x+t) > 0

for fixed x > 0 and for every t > 0. Then for fixed x > 0

G := Gx =
{
t > 0: (ln f(u))′

∣∣∣
u=x+t

≤ 2g′(x)
}
⊂ {t > 0: (ln f(t))′ ≤ 2g′(x)} := G0,

where g(x) := lnF (x). Hence,

ν(G) ≤ ν(G0) = ν0(2g
′(x)).

For x > 0 and t /∈ Gx, we have (ln f(u))′
∣∣∣
u=x+t

> 2g′(x), i.e.,∫
R+\G

a(t)f(t+ x)ν(dt) =

∫
R+\G

a(t)
f ′(t+ x)

(ln f(u))′
∣∣
u=t+x

ν(dt)

≤ 1

2g′(x)

∫
R+\G

a(t)f ′(t+ x)ν(dt)

≤ F (x)

2F ′(x)

∫
R+

a(t)f ′(t+ x)ν(dt) =
F (x)

2
,

because F ′(x) =
∫
R+

a(t)f ′(t+ x)ν(dt). So,

F (x) =

∫
G

a(t)f(t+ x)ν(dt) +

∫
R+\G

a(t)f(t+ x)ν(dt)

≤
∫
G

a(t)f(t+ x)ν(dt) +
F (x)

2
.

Therefore,

(2.10) F (x) ≤ 2

∫
G

a(t)f(t+ x)ν(dt) ≤ 2µ(x, F )ν(G) ≤ µ(x, F )ν0(2g
′(x)), x ≥ x0,
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where ν0(t) := ν{u ≥ 0: (ln f(u))′ ≤ t}.
Now we need the following lemma ([6, 5]).

Lemma 2.1. For a given non-decreasing function ν0(t) : R+ → R+ the condition

(2.11) (∃t0 > 0) :

∫ +∞

t0

d ln ν0(t)

t
< +∞,

is equivalent to each of the following two conditions: i) condition (2.9); ii) there exists a continuous
function ψ : R+ → R+ such that ψ(t) ↑ +∞ (t0 ≤ t→ +∞) and∫ +∞

0

dt

ψ(t)
< +∞, ln ν0(t) = o(ψ−1(t)) (t→ +∞).(2.12)

For the function ψ0(t) = ψ(t)/2 let us denote a set

E := {x > x0 : g
′(x) ≥ ψ0(g(x))}.

Then, we obtain the following estimate of the Lebesgue measure for the set E

meas (E ∩ [x0,+∞)) =

∫
E

dx ≤
∫
E

g′(x)

ψ0(g(x))
dx ≤

∫ +∞

0

dt

ψ0(t)
< +∞,(2.13)

i.e., the set E has finite Lebesgue measure. Therefore, from inequality (2.10) and relation (2.12)
we obtain finally

lnF (x) ≤ ln 2 + lnµ(x, F ) + ln ν0(2g
′(x))

≤ ln 2 + lnµ(x, F ) + ln ν0(ψ(g(x))) = lnµ(x, F ) + o(g(x))

as x→ +∞ (x /∈ E). Hence, lnF (x) ≤ (1 + o(1)) lnµ(x, F ) as x→ +∞ (x /∈ E).
□

3. COROLLARY: STABILITY OF A MAXIMAL TERM

In view of Proposition 2.1 and Lemma 2.1, we obtain the following corollaries.

Corollary 3.1 ([3], Theorem 2). Let f : R+ → R+ be a differentiable function such that the function
y = ln f(x) : R+ → R+ is a convex function and the right-hand derivative L(x, f) := (ln f(x))′+ ↑
+∞ (x ≥ x0); (λn) be a non-negative sequence such that 0 ≤ λn ↑ +∞ (0 ≤ n ↑ +∞). If a function
F represented on (0,+∞) by a series of form

(3.14) F (x) =

∞∑
n=0

anf(λn + x), an ≥ 0 (n ≥ 0),

and the condition

(3.15)
+∞∑
n=1

1

nL(λn, f)
< +∞

holds, then there exists a set E ⊂ (0,+∞) of finite Lebesgue measure such that asymptotic relation
lnF (x) = (1 + o(1)) lnµF (x) holds as x→ +∞ (x→ +∞, x /∈ E), where

µF (x) = max{anf(λn + x) : n ≥ 0}.
Hence, for series of the form (1.7) we obtain the following corollary.

Corollary 3.2 ([3, Corollary 1]). Let (βn) be a non-decreasing to +∞ sequence and a function G
represented by regularly convergent functional series of form (1.7), where g is an entire function. If
condition (1.8) satisfies, then the relation lnMG(r) = (1 + o(1)) lnµG(r) holds as r → +∞ outside a
set of finite logarithmic measure, where µG(r) = max{|bn|Mg(rβn) : n ≥ 0}.
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Let L be a class of positive continuous on R+ := [0,+∞) functions l(t) such that l(t) → +∞
(t → +∞). By L+ we denote the subclass of L such that l(t) ↑ +∞ as t → +∞, and by W the
class of functions w ∈ L+ such that

+∞∫
1

x−2w(x)dx < +∞.

Let us denote by D+(λ, f) the class of functions F : R+ → R+ of form (3.14). For a series
F ∈ D+(λ, f) and any sequence (bn), bn ∈ R+ \ {0} (n ≥ 0) we consider

B+(x) =

+∞∑
n=0

anbnf(x+ λn), B−(x) =

+∞∑
n=0

anb
−1
n f(x+ λn).

We call that a series of the form (3.14) (maximal term of the series) is stable if the relations

(3.16) lnµ(x, F ) = (1 + o(1)) lnµ(x,B+) = (1 + o(1)) lnµ(x,B−)

hold as x → +∞ outside some set E ⊂ [0,+∞) of the finite Lebesgue measure, i.e., measE :=∫
E
dx < +∞.
For a function w ∈ L let us denote

Bw(x) =

+∞∑
n=0

ane
w(λn)f(xλn).

Let us denote
ν0(t) = ν{u ≥ 0: (ln f(u))′ ≤ t}, ν(G) =

∑
λn∈G

ew(λn)

for every bounded set G ∈ R+.

Theorem 3.4. Let F ∈ D+(λ, f). If there exists a function w ∈ L+ such that Bw ∈ D+(λ, f),
ln ν0 ∈ W and inequalities

(3.17) e−w(λn) ≤ bn ≤ ew(λn) (n ≥ k1),

are valid, then there exists a set E ⊂ R+ of finite Lebesque measure such that relation

(3.18) lnµ(x, F ) = (1 + o(1)) lnµ(x,B+) = (1 + o(1)) lnµ(x,B−)

holds as x→ +∞ (x /∈ E).

Proof of Theorem 3.4. Note that relation (3.18) will follow from the fact that

(3.19) lnµ(x, F ) = (1 + o(1)) lnµ(x,Bw)

as x→ +∞ outside of some set E of finite Lebesgue measure. Let us prove relation (3.19). Let
a(t), b(t) be measurable nonnegative functions on R+ such that a(λn) = an, b(λn) = ew(λn) and

µ(x, F ) = sup{a(t)f(t+ x) : t ∈ R+}, µ(x,Bw) = sup{a(t)b(t)f(t+ x) : t ∈ R+}.
It is enough to take that a(t) = 0 for t /∈ {λn : n ∈ Z+}. Then for all x ∈ R we get

(3.20) µ(x, F ) ≤ µ(x,Bw) ≤ Bw(x) =

+∞∑
n=0

anb(λn)f(x+ λn) =

∫
R+

a(t)f(t+ x)ν(dt),

where measure ν is such that ν(G) =
∑+∞

n=0 b(λn)δλn
(G) for each bounded set G ⊂ R+ and

δλ(G) = 1 for λ ∈ G and δλ(G) = 0 for λ ̸∈ G. Since G is bounded and λn → +∞, it means
that the finite number of λn belongs to the set G, i.e., for all n ≥ n0(G) one has δλn

(G) = 0. In
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view of this, the series
∑+∞

n=0 b(λn)δλn
(G) reduces to the finite sum

∑n0

n=0 b(λn)δλn
(G). It yields

σ-additivity of the measure ν.
From the condition ln ν0 ∈ W we immediately get that condition (2.9) of Proposition 2.1

is satisfied, because we substitute w(x) = ln ν0(x) in (2.9). Applying Proposition 2.1 to the
integral in (3.20), as x→ +∞ (x /∈ E), (here a set E is such as in Proposition 2.1) we obtain

lnµ(x, F ) ≤ lnµ(x,Bw) ≤ (1 + o(1)) lnµ∗(x),

where µ∗(x) = max{a(t)f(x + t) : t ∈ R+}. As for the choice of function a(t), we get µ∗(x) =
µ(x, F ) and deduce relation (3.19). □

ACKNOWLEDGMENTS

The first author (A. Bandura) acknowledges financial support for research leading to this
publication which was provided by the National Research Foundation of Ukraine (Project
2023.04/0160, 0124U003748).

Author contributions. These authors contributed equally to this work.

Financial disclosure. None reported.

Conflict of interest. The authors declare no potential conflict of interests.

REFERENCES

[1] A. Yu. Bodnarchuk, O. B. Skaskiv: On the stability of the maximum term of functional series in a system of functions,
Precarpathian Bul. Shevchenko Sci. Soc., 20 (76) (2025), 15–23.

[2] O. B. Skaskiv: Rate of convergence of positive series, Ukr. Math. J., 56 (12) (2004), 1665–1674.
[3] A. Yu. Bodnarchuk, O. B. Skaskiv and O. M. Trusevych: About Borel type relation for some positive functional series,

Mat. Stud., 63 (1) (2025), 98–101.
[4] O. B. Skaskiv: Behavior of the maximal term of a Dirichlet series that defines an entire function, Math. Notes, 37 (1)

(1985), 686–693.
[5] O. B. Skaskiv: On certain relations between the maximum modulus and the maximal term of an entire Dirichlet series,

Math. Notes, 66 (2) (1999), 223–232.
[6] O. B. Skaskiv, O. Yu. Tarnovecka and D. Yu. Zikrach: Asymptotic estimates of some positive integrals outside an excep-

tional sets, Internat. J. Pure and Appl. Math. (IJPAM), 118 (2) (2018), 157–164.
[7] O. B. Skaskiv, O. M. Trusevych: Relations of Borel type for generalizations of exponential series, Ukr. Math. J., 53 (11)

(2001), 1926–1931.
[8] M. M. Sheremeta, Yu.M. Gal’: On some properties of the maximal term of series in systems of functions, Mat. Stud., 62

(1) (2024), 46–53.
[9] M. M. Sheremeta: On regularly converging series of systems of functions in a disk, Visnyk Lviv Univ. Ser. Mech.-Math.,

94 (2022), 89–97.
[10] M. M. Sheremeta: Spaces of series in system of functions, Mat. Stud., 59 (1) (2023), 46–59.
[11] M. M. Sheremeta: Hadamard composition of series in systems of functions, Bukovyn. Mat. Zh., 11 (1) (2023), 39–51.
[12] M. Sheremeta: On boundedness of the l − m-index of entire functions represented by series in a system of functions, Ukr.

Math. J., 76 (2024), 669–679.
[13] M. M. Sheremeta: To the boundedness of the ℓ − M -index of functions analytic in the unit disk and represented by series

in systems of functions, Open J. Math. Anal., 9 (2) (2025), 19–25.

[14] B. V. Vinnitskii: Representation of functions by series
+∞∑
n=1

dnf(λnz), Ukr. Math. J., 31 (5) (1979), 198–204.

[15] B. V. Vinnitskii: Representation of analytic functions by series
+∞∑
n=1

dnf(λnz), Ukr. Math. J., 31 (11) (1979), 501–506.

[16] B. V. Vinnitskii: Completeness of the system f(λnz), Ukr. Math. J., 36 (9) (1984), 493–495.
[17] B. V. Vinnitskii: Effective expansion of analytic functions in series in generalized systems of exponents, Ukr. Math. J., 41

(3) (1989), 269–273.



About Borel type relation for some positive integrals 47

ANDRIY BANDURA

IVANO-FRANKIVSK NATIONAL TECHNICAL UNIVERSITY OF OIL AND GAS

DEPARTMENT OF PHYSICS AND MATHEMATICS

15 KARPATSKA STREET, 76019, LVIV, UKRAINE

Email address: andriykopanytsia@gmail.com

ANDRIY BODNARCHUK

IVAN FRANKO NATIONAL UNIVERSITY OF LVIV

DEPARTMENT OF FUNCTION THEORY AND FUNCTIONAL ANALYSIS

1 UNIVERSYTETSKA STREET, 79000, LVIV, UKRAINE

Email address: 8andriy1111@gmail.com

OLEH SKASKIV

IVAN FRANKO NATIONAL UNIVERSITY OF LVIV

DEPARTMENT OF FUNCTION THEORY AND FUNCTIONAL ANALYSIS

1 UNIVERSYTETSKA STREET, 79000, LVIV, UKRAINE

Email address: olskask@gmail.com


	1. Introduction
	2. Main Result
	3. Corollary: Stability of a maximal term
	Acknowledgments
	Author contributions
	Financial disclosure
	Conflict of interest

	References

