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Propagation of solitons and nonlinear behavior in nonlinear
power law fibers
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ABSTRACT. This study investigates soliton propagation within the framework of nonlinear optics, specifically un-
der the influence of a detuning parameter modeled by the complex GinzburgLandau equation (CGLE). Employing the
5-model expansion method, we derive a diverse set of analytical solutions, including trigonometric, hyperbolic, and
rational function solutions. Notably, singular soliton solutions are obtained and shown to exhibit positive character-
istics. The analysis is conducted in the context of nonlinear optical fibers governed by a power-law nonlinearity. The
results contribute to a deeper understanding of the nonlinear dynamical behavior inherent in the CGLE and highlight
the effectiveness of the applied method as a robust and efficient tool for obtaining reliable solutions to a wide class of
nonlinear partial differential equations. To illustrate the physical features of the obtained solutions, several represen-
tative results are visualized through two-dimensional, three-dimensional, and contour plots.

Keywords: ©%-model expansion approach, the complex Ginzburg-Landau equation, traveling wave solution, power
law nonlinearity.
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1. INTRODUCTION

Optical solitons represent one of the most rapidly advancing areas of research in optoelec-
tronics and nanoelectronics. A growing body of literature regularly reports new findings on
this topic, reflecting its increasing significance. Various mathematical models have been devel-
oped to describe the propagation dynamics of solitons in optical fibers, including the nonlinear
Schrodinger equation, the Schrodinger-Hirota equation, the Sasa-Satsuma equation, the Man-
akov equation, the Biswas-Milovic equation, and several others. Among these, the Complex
GinzburgLandau Equation (CGLE) stands out as a particularly prominent model for capturing
soliton behavior. Over the past few decades, numerous analytical and numerical methods have
been devised to study the evolution of nonlinear systems across diverse physical domains-
from fluid dynamics to optical wave propagation [20, 24, 8, 9, 22, 12, 18, 10, 25, 13, 5, 26, 14].
Analytical solitary wave solutions play a crucial role in understanding and analyzing long-
distance signal transmission in optical communication systems, especially over transconti-
nental and trans-oceanic spans. Recent studies further underscore the importance of optical
solitons in various branches of photonics, particularly in nonlinear optics and spectroscopy
[23,19,21, 11, 6, 7].

In recent years, the Complex GinzburglLandau Equation (CGLE) with power-law nonlinear-
ity has attracted significant attention from researchers. Mirzazadeh et al. [4] employed the
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semi-inverse variational principle to derive certain trivial solutions to the equation. Arnous,
Ahmed H. et al. [2] applied the modified simple equation method to obtain bright and sin-
gular soliton solutions. Arshed [3] utilized the exp(-®(&))-expansion method and reported
several distinct types of soliton solutions. Mirzazadeh, Mohammad et al. [28] adopted multi-
ple integration schemes to extract a variety of soliton solutions, while Al-Ghafri [1] employed
the Weierstrass elliptic function approach along with hyperbolic function solutions to obtain
bright and singular solitons. In the present study, the CGLE with power-law nonlinearity is
investigated using the recently developed wﬁ—model expansion method [15, 17, 29, 27, 16]. This
approach enables the recovery of optical solitary wave solutions, further demonstrating the
methods effectiveness in handling complex nonlinear systems.

The paper is structured as follows. Section 2 outlines the mathematical formulation and
theoretical analysis of the model. In Section 3, we provide a detailed description of the ¢°-
model expansion method, highlighting its methodology and underlying principles. Section
4 applies this approach to the complex GinzburgLandau Equation (CGLE) with power-law
nonlinearity, successfully deriving a variety of novel traveling wave solutions. The physical
characteristics of these solutions are visualized through three-dimensional and density plots,
and a brief discussion on the dynamical behavior of the obtained solitons is also presented.
Finally, Section 5 offers concluding remarks and highlights the broader implications of the
results.

2. MATHEMATICAL ANALYSIS OF THE MODEL

In this study, we adopt the dimensionless formulation of the (GCLE) as presented in [2, 27],
which serves as the basis for our subsequent analysis

= |l (a)es = 5 {1} ] + e

Here, ¢ denotes a complex-valued function representing the wave profile observed in various
physical contexts, including nonlinear optics and plasma physics. The variable = corresponds
to the non-dimensional spatial coordinate along the fiber, and ¢ denotes the dimensionless time.
The parameters a, b, o, 5 and ~y are real-valued constants, where a and b are associated with the
Group Velocity Dispersion (GVD) and the nonlinear coefficient, respectively. The coefficients
«a, 3 and v arise from perturbative effects, particularly detuning.

In Eq. (2.1), F' denotes a smooth, real-valued algebraic function, and the term F (|q\2)q is
assumed to be k-times continuously differentiable. These smoothness and differentiability re-
quirements ensure the well-posedness of the model and facilitate the application of analytical
techniques to obtain exact or approximate solutions, implying that

@.1) iq + agus + bF(1g*)g

2.2) F(lq*)q € Ugpey CF ((—mym) x (—n,n); R?) .
By setting up
(2.3) a=20.

Eq. (2.1) turns to

(24) iG; + aquy + bF(|q)*)g = f [2 lal* (|g]*) o — {(|q|2)m}1 + q.
lg|” ¢

The solution of Eq. (2.1) proceeds via the standard decomposition into amplitude and phase
components

(25) q (CC, t) — P(q/})ei(ka+wt+0)
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and the wave variable v is expressed as
(2.6) Y =Xax—0t).

Here, the function P characterizes the pulse shape, while v denotes the solitons velocity. In the
phase factor, k corresponds to the soliton frequency, w to the soliton wave number, and 6 to the
phase constant. Inserting the amplitudephase decomposition into Eq. (2.4) and separating the
result into real and imaginary parts yields the following pair of equations:

2.7) —(ak®* + 7 +w) P+bF (PY)P+ X2 (a—4B8)P =0
and
(2.8) v = —2ka.

In the part 4 of this paper, Eq. (2.7) will be examined using power law of nonlinearity.

3. DESCRIPTION OF THE METHOD

Based on the work in [5, 15, 17, 29, 27, 16], the essential steps of the recently proposed ¢°-
model expansion technique are given below:
Step-1: We consider the Nonlinear Evolution Equation (NLEE) given for ¢ = ¢(z, t) below

(39) H(%%:»Qtanvaacta'") = 0.

Here, H denotes a polynomial in ¢(z,t) and its highest-order partial derivatives, which also
includes the nonlinear components.
Step-2: Utilizing the wave transformation

(3.10) q(z,t) = q(¢), & =x—ot.

Here, v represents the wave speed, allowing Eq. (3.9) to be rewritten as the following nonlinear
ordinary differential equation.

(3.11) q.q 94,4 ) =0,

where primes denote derivatives with respect to .
Step-3: Let us suppose that Eq. (3.11) admits a formal solution:

2N
(3.12) () =Y alU'(y),
i=0
where o;(i = 0,1,2,..., N) represent undetermined constants, N is determined via the balanc-

ing method, and U() is a solution of the auxiliary Nonlinear Ordinary Differential Equation
(NLODE);

(3.13) U (1)) = ho + hoU? (1) + haU* (1) + heU® (1)),
U" () = h2U () + 2haU(¢) + 3heUP (1)),

here, the real constants h;( with i = 0, 2, 4, 6) will be identified in subsequent steps.
Step-4: The solution to Eq. (3.13) is commonly known to be;

P(1)
VIP2W) +g

provided that 0 < fP?(¢) + g and P(¢) is the Jacobi elliptic equation solution
(3.15) P2(y)) = Iy + 1o P2 () + 1, P (),

(3.14) Uy) =
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here, the unknown constants I; (with ¢ = 0,2,4) are to be determined, while f and g are ex-
pressed as

ha(la — ha)
(I3 — ha)? + 3loly — 2l5(ls — hy)’
B 3lohs
I7 Uy — ha)2 + 3loly — 215y — ha)’
under the restriction condition
(3.17) Ri(la — ho)[9oly — (I — ha)(2ls + ha)] + 3he[—13 + h3 + 3lol4)* = 0.

Step-5: As discussed in [5], the Jacobi elliptic function solutions of Eq. (3.15) are well-
established for values of p in the interval 0 < p < 1. By substituting these solutions, along
with Eq. (3.14), into the solution ansatz given in Eq. (3.12), we obtain exact analytical solutions
to Eq. (3.9).

(3.16) f=

Function p—+1 p—0 Function p—-1 p—0

sn(,p)  tanh(y) sin(y) ds(,p) csch(y) ese(y)
e, p) _sech(y) cos(d) _sel,p) _sinh($) tan()
dn(,p)  sech(y) 1 sd(y,p) sinh(y) sin(y)
ns(,p) _coth(y) csc(@) ne(,p) _cosh(d) _sec(y)
cs(¥,p)  csch(y)  cot(yp)  cd(ip, p) 1 cos(¢)

TABLE 1. Jacobi elliptic functions

4. IMPLEMENTATION OF THE <p6-MODEL EXPANSION METHOD

Power-law nonlinearity arises naturally in a variety of physical systems and is particularly
prominent in materials such as semiconductors, doped glasses, and photorefractive media,
where the nonlinear response of the refractive index depends on the intensity of the optical
field in a non-quadratic manner. This type of nonlinearity is widely regarded as a natural
generalization of the well-known Kerr law (which corresponds to the case n = 1), offering a
more flexible and physically realistic framework for modeling nonlinear optical phenomena.
In this context, the nonlinear function takes the form F(u) = u", allowing for a broader range
of nonlinear behaviors depending on the value of the exponent n. Under this assumption, Eq.
(2.4) reduces to a generalized version of the Complex GinzburgLandau Equation (CGLE) that
accommodates higher or lowernorder nonlinearities, making it applicable to a wider class of
optical media beyond those governed by cubic nonlinearities. This generalization is not only
mathematically significant but also physically meaningful, as it enables the modeling of soli-
ton propagation in engineered materials where the nonlinear response deviates from standard
Kerr-type behavior [4, 2, 3, 28]. The parameter n thus plays a critical role in tuning the strength
and nature of the nonlinearity, influencing the existence, stability, and dynamical properties of
the resulting soliton solutions. In this case, Eq. (2.4) reduces to

o [2laf (P~ {014} ] +00

(4.18) iqe + (0]a]*")a + agus = i

and Eq. (2.7) is transformed
(4.19) —(ak? + 7 +w) P+ 0P £ )2 (a —4B8) P =0.
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Here in Eq. (4.18) the parameter n dictates the power law nonlinearity. For stability issues, it is
necessary to have 0 < n < 2, and in particular n # 2, to avoid self-focusing singularity.
Setting

P=pr,
Eq. (4.19) transform to
! 2 1"
(4.20) —n? (ak? + v+ w) p* + n?bp* + A2 (a — 45) [(1 —n) (p ) + npp } =0.
In Eq. (4.20), we get N = 1 by balancing pp” with P*, we obtain the following by substituting
N =1inEq. (3.12).
4.21) P() = ap + a1U () + axU? (),

where aq, a1 and «» are constants to be determined.

By substituting the solution ansatz given in Eq. (4.21) and the auxiliary ordinary differential
equation Eq. (3.13) into Eq. (4.19), and collecting terms of each power of U(¢), i = 0,1,...,38,
we obtain a system of algebraic equations by setting the coefficients of like powers to zero.

(4.22) U°(%) : —n? (ak2 +9+w)af+ oy
— A2 (=1+n) (a —48) hoa? 4+ 2X*n (a — 48) hoapaz = 0,
U'(¥) : —nagar (2n (ak® + v +w) — A* (a — 48) ho)
+4bn*agag — 2X%aq (=2 +n) (a — 48) hoay = 0,
U(¥) : — (=A% (@ — 4B) ha +n? (ak® + v + w — 6bad)) of
—2nao (—2X* (a — 48) ho + n (ak® + 7+ w — 2bag) ) as
—2)\% (=2 +n) (a — 48) hpa3 = 0,
U3(¥) : a1 (2X%n (a — 48) haag + 4bn’apad)
+aras (A (4 +n) (a—4B) ho — 20 (ak® + v+ w — 6bag)) = 0,
U*(y) : bn*af + 12bn°apaias — (—4A% (a — 48) he + n® (ak® + v + w — 6bag) ) o3
+ A% (a —4B) ha (1 + n) of + 6nagaz) = 0,
U(1)) : 3X%n (a — 48) hsapay + 4oy ()\2 (1+n) (a—48) hy + bn? (a% + 3a0a2)) =0,
US(¥) : A (a — 48) he ((1 + 2n) o + 8napas)
+ 203 [\ (24 n) (a — 4B) ha + bn?® (303 + 2a0a2)] =0,
U'(¥) : aras [A? (4 + Tn) (a — 48) he + 4bna3] = 0,
UB(1p) : 40% (1 +n) (a — 4B) heas + bn’a; = 0.
We get the following result after solving the resulting system:
W4 ny/(—a+4B) hy

Vbn
O[QZO, h():O, h4=h4, h6:0.

In view of Egs. (3.14), (4.21) and (4.23) along with the Jacobi elliptic functions in the above
table, we obtain the following exact solutions of Eq. (4.18)

1L.Iflg=1,1p = —(1+p?),l4 = p?, 0 < p < 1,then P()) = sn(¢, p) or P(¢p) = cd(v, p), and
we have

n? (ak2 —|—'y—|—w)
A2 (a—4B) 7

(423) ap = 0, a1 5 hg =
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3=

(4.24) ¢, (z,t)= AL Fny/(—a+45) ha ( sn(¥, p) ) i (—ketwi+0)

_ Von VFn(w,0) +g ’
or
(425) 7, (1’, t) _ )\\/1 + TL\/\[ a+ 4ﬁ Cd(wa p) - ei(—ka[;—i—wzﬁ-‘,—é)7
bn fed(®,p))” +g

such that 0 < b, ¥ = A (z — vt), and f and ¢ in Eq. (3.16) are given by

(1+ p* + ho)hy
1—p%+p*—h3’
—3hy
1—p%+p*—h3’

f=

g =
under the restriction condition
—h3 (=1 —p* = ha) (=1 +2p% — ha) (=2 + p* + ho) = 0.
If p — 1, then the dark soliton is obtained

WIFn/(—a+a8)h tanh (1 R
(426) @ (Jf,t) _ \/ — ( ) - 6( kx+ t+9).
Vion \/h4<s (2+hs) tanh>(1))
—14h3

Here in Eq. (4.26), the parameter n dictates the power law nonlinearity. For stability issues, it is
necessary to have 0 < n < 2, and in particular n # 2, to avoid self-focusing singularity. Setting
n = 1, results in generelization of kerr law nonlinearity, the dark soliton is now obtained as

iV2A\/a — 4Bk t0ttw) tanh(X(2akt + x))
\/B )

(4.27) 5 (2,1) =

such that
h2 (=2 — hy) {(—1 + hz)ﬂ ~0.

Figure 1 illustrates the dark soliton solution ¢; 3(z,t) derived in Eq.(4.27) for the limiting
case p = 1, where the Jacobi elliptic function reduces to a tanh (x) profile. The modulus plot
(a) and contour plot (b) show the characteristic intensity dip that propagates on a continuous
background, confirming the presence of a moving dark soliton. The real and imaginary parts in
(¢) exhibit a localized m-phase shift, which is a hallmark of dark solitons in defocusing media.
In the context of nonlinear fiber optics, such dark solitons arise in fibers exhibiting normal dis-
persion and self-defocusing nonlinearity, particularly in photonic crystal fibers or fiber Bragg
gratings. These solitons are valuable for optical switching, intensity dips for logic gates, and
phase-sensitive modulation schemes. Their robustness under power-law nonlinearity suggests
potential for advanced pulse shaping and energy channeling in nonlinear waveguides with
engineered refractive index profiles. These solutions are physically relevant to nonlinear op-
tical fibers with power-law refractive index profiles, where such localized dips may represent
energy voids in high-intensity beam propagation or be employed for pulse modulation and
switching.
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Relga(x )] Imlg3(x,t)]

(A) |q1,3] (B) |q1,3

——Im(q)

Re(q)

(©) lg1,3

FIGURE 1. The numerical simulations corresponding to |¢1,3| given by Eq.
(4.27), for p = 1; (a) is the 3D graphic, (b) is the 2D-contour graphic while (c)
is the 3D graphic for k = 0.9,0 =0.2,w =1.3,a =0.5,b=0.7,A = 1.6, 5 = 0.5.

If p — 0, then the periodic solution is obtained

Vbn ha(3=(1+h2) sin2(¥))
—1+h3

(428) a4 (1‘7 t) _ )‘\/1 + n\/(—a + 46) h4 (\/ Sln(d)) )] ' ei(—k:v+wt+9)7

such that
h3 (=1 = hg) [(=2+ h2) (1 + ha)] = 0.

Figure 2 numerically validates the periodic solution ¢, 4(x,t) Eq. (4.28) for p = 0, where
the Jacobi elliptic function reduces to a sinusoidal profile. The 3D plot (a) and contour (b)
demonstrate coherent wave propagation with velocity v = —1, while the amplitude modula-
tion reflects the nonlinear constraint h, = 2. Such periodic states are observable in dispersion-
managed fibers under pump-driven nonlinearities, offering potential for frequency comb gen-
eration or all-optical signal processing. The parameter sensitivity in (c) emphasizes the need
for precise control in experimental realizations.
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Re[qra(x,)].Im[q14(x,1)]

(A) |q1,4] (B) [q1,4]

3
‘ A [ m@
10 AV 4 0
-1
-2
Re(q)

() lq1,4]

FIGURE 2. The numerical simulations corresponding to |¢;,4| given by Eq.
(4.28), for p = 0 ; (a) is the 3D graphic, (b) is the 2D-contour graphic while
(c) is the 3D graphic fork =1.8,0 =2,w =0.2,v = -1,y =—-1.6,8=0.8,a =
—04,n =07, = —16,hy =2,c=12,0; = 1,hy = 2.

2. Iflg=1—p2 1o =2p> — 1,14 = —p?,0 < p < 1, then P(b) = cn(v, p) therefore

AW Hny/(—a+453) hy en(1, p) i i(—ka+wt+8)

where f and g are determined by

_ (=1+42p° —ho)hy
L -y
3 (1407 ha
S 1=p et hg

under the constraint condition

hi (=1+42p" — ha) [(=2+p° + h2) (1+p* + hg)] = 0.
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If p — 1, then the bright soliton is retrieved

)\\/l—l—n\/ (—a+48)h sech(1) i hem it

(4.30) g2 (z,t) = el katwtto)
—hysech? (4
Vbn /H—hz‘()

h3 (1 — ha) [h3 + hy —2] = 0.

provided that

eld(x 1mdz (0]
\\;

107 =10

(A) lg2.1] (B) |g2,1]

Re(q)

&

—— Im(g)

(©) g1

FIGURE 3. The numerical simulations corresponding to |g2,1| given by Eq.
(4.30), for p = 1; (a) is the 3D graphic, (b) is the 2D-contour graphic while
(c)is the 3D graphicfork =18, =5,w=18,v=1,y=1,=08,a=1,n =
1.5,A=1.6,hy =—-2,c=12,00 = 1.078, hy = —

Figure 3 numerically validates the bright soliton solution ¢ ;1 Eq. (4.30) for p = 1, where the
Jacobi elliptic function reduces to sech(t) sech(¢). The 3D plot (a) and contour (b) demonstrate
the solitons stable propagation, with the constraint 2, = —2 ensuring a physical amplitude.
Panel (c) reveals how parameter choices (e.g., ha = —2) tune the pulse shape critical for design-
ing soliton-based fiber-optic systems. Such solutions are experimentally achievable in fibers
with anomalous dispersion (a < 4) and power levels balancing nonlinearity and dispersion.

If p — 0, then the periodic solution is obtained

MWT+ny/(—a+46)h cos(t)

Von —ha(—3+(1+h3) cos2(¢))
—14h3

431) q,,(z,t)= ei(—hatwt+)
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such that

h3 (=1 — ho) [(—2 + h2) (1 + ho)] = 0.

Re[g22(x,9],Im[g2,2(x,1)]

(A) |g2,2] (B) |g2,2]

——Re(q)

—— Im(q)

(©) lgz,2]

FIGURE 4. The numerical simulations corresponding to |g2 2| given by Eq.
(4.31), for p = 0 ; (a) is the 3D graphic, (b) is the 2D-contour graphic while
(c) is the 3D graphicfor k = 1.8,0 = 5,w =2.2,v = -0.63,y=1,5=0.8,a =
Ln=132A=08hs=2c=120a; =1,hy=2.

Figure 4 numerically validates the periodic solution g2 2 Eq. (4.31) for p = 0, where the
profile reduces to a cos(y)) wave. The 3D plot (a) and contour (b) demonstrate coherent prop-
agation with velocity v = —0.63, while the amplitude modulation in (c) reflects the nonlinear
constraint hy = 2. Such solutions model stimulated Brillouin scattering in fibers or optical
lattice vibrations in waveguide arrays, with nodes/antinodes tunable via h4 and A.

3.Uly=p>—1,1a=2—p%1ls=—1,0< p <1, then P(¢)) = dn(¢, p) which gives

_ [ AVIL+ ny/(—a+ 48) hy dn(v, p) k i(—ka+wt+0)
(4.32) gy (,1) i ( \/f RN g)] e ;
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where f and g are determined by

(=2 + p* + ha)ha
L—p?+pt—h3’
 =3(—1+p%) hy
Cl-pPtpt—hy

f=

under the restriction condition
h3 (2 —p* —ha) [~ (=142 + ho) (14 p* + ha)] = 0.

If p — 1, then the singular soliton solution is obtained

MWI+ny/(—a+46)h sech(v) pi(—ktwito)

\/BTL —hysech?(y)
1+ho

hj (1 — hs) [-2+ ha + k3] = 0.
If p — 0, then the rational solution is obtained

(4.34) Gy, (2,1) = [/\\/1 + ”\/(_a +4B) ha ( 1 )] ' ei(—katwt+0)

(433) Q3,1 (.T, t) =

provided that

\/B’fl ha

1—hs

such that
B3 (2 ha) [(1+ h2)*] =0,

4.Iflg=p% 1l =—(14p%),la=1,0 < p <1, then P(¢)) = ns(v), p) or P(¢) = dc(), p) then

(4.35) q,, (z,t) = A\/l tny/(Cat4p)h ( ns(y, p) ) ’ ei(—katwt+0)

_ Von VF (s, + g
or
(4.36) 00 (0:) = )\\/1 + n\/\[ a+4p)h de(¥, p) 2 ' gi(—katwt+o)
bn [ (de(h, p))” +g

where f and g are given by

(1+ p? + ha)hy

1—p2+pt—h3’
—3p°hy

1—p2+pt—h3’

f=

g:

under the constraint condition
hi (=1 —p* —ha) [- (—1+ 20" —ho) (=24 p* + ha)] =0
If p — 1, then the dark singular solution is obtained

(437) q473 (fE, t) _ A\/l + n\/ —a+ 4ﬂ ( \/( COth('l/J) ) ] ei(*kw+’wt+‘9)

Vbn —1+ha+(24ha)csch? () hy
1—]1%
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such that
PE (=2 ha) [(=1+ ho)’] =0,

If p — 0, then the periodic solution is obtained

(4.38) . (z,1) = [W L+ ny/(—a+4p)ha ( csc(t)) )] " il kot wto).

Vbn [ = csc(W)ha
—1+4+ho

hi (=1 —=ha) [(=2+ ho) (1 + ho)] =
5.1flg = —p2,la =2p?> — 1,14 =1 — p%,0 < p < 1, then P(¢)) = nec(y, p) and we have
1

(4.39) g, (z,t) = {W””\{[ at4B)h ( nC(W)Q )] i katutio).
bn f (ne(,p))* + g

such that

where f and g are given by

—(=1+2p% — ha)hy
L—p>+p* =13
3p%hy
L—p>+pt =03’

f=

)

g:

under the constraint condition
h3 (—142p* = ha) [(—=2+4p* + h2) (1+p° + h2)] = 0.

If p — 1, then the solitary wave solution is obtained

(440) g, (0,0) = [)\\/1 +ny/(—a+4B) hy (\/ cosh(¢)) )] * R

Von (=3+(1—hs) cosh® () ha
—1+4h3

such that
hi(1—ho) [-2+ho + h3] = 0.

If p — 0, then the periodic solution is obtained

(4.41) q,, (z,t) = [A\/H”\/ (—at+4f)h ( sec(y)) )] gi(—katwt+o)

D —hg sec? ()
—1+hso

such that
h3 (=1 — ho) [(=2 4 hg) (1 + ho)] = 0.
6.1flg=—1,1b=2—p% 1y =— (1—p?),0< p <1, then P(¢)) = nd(, p) and we have

T . >\\/]- + n\/(fa + 46) h4 nd(%ﬂ) ’ ei(fk:r+wt+0)
(4.42) g (2,t) = [ i ( \/f o) +g)] )
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where f and g are given by

(=24 p? + ha)hy

1—p2+p*—h3’
3hy

1—p%+p*—h3’

f=
g=

under the constraint condition
hi (2= p* —ha) [~ (-1+ 20" — ho) (1+p* + ha)] = 0.

7.0l =1,1b=2—p 1y =1—p%0< p<1,then P(x)) = sc(1, p), and we have

(4.43) ¢ (2,t) = M1+ n{(fb—a +403) ha ( sc(v, p) : )] ¢i(ktwi+o)
" f(se(®,p)* +g

where f and g are given by

(=2 + p? + ha)ha
1—p2+pt—h3’
—3hy
1—p?+pt—h3’

f=

g =
under the constraint condition
h3 (2= p* —ho) [~ (=1 + 20" — ho) (1 + p* + ha)] = 0.
If p — 1, then the singular soliton solution is obtained

(4.44) ¢, (z,t) = [)‘\/1 + n\/ —a+4B)h ( sinh(v)) )] ' ei(fkarthrO)’

Vbn (3+(1—ha) sinh2(¢)) hy
—1+h3

such that
hi(1—ho) [-2+ho + h3] = 0.

If p — 0, then the periodic wave solution is obtained

445) g, (z,t) = [/\\/1 +ny/(—a+4B)ha (\/(3 tan(1)) )] | gi(—hatwi+o)

Vbn —(=2+hs) tan?(4h)) ha
—1+h3

such that
B (2— o) [(1+ 2’| =0,

8.1flg=1,l =2p* — 1,14 = —p* (1 — p?), 0 < p < 1, then P(¢)) = sd(¢), p) and we have

(446) 4% (SU, t) _ >\\/1 + n\/(fa + 4&) hy ( Sd(l/), P) ) ] ei(*kx+wt+0)’
I g

Von sd($,p) +
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where f and g are given by

(=1 + 20 — h)hs

L—p?+pt—h3 "
—3hy

1—p?+p*t—h3’

f=

g=
under the constraint condition
hi (—142p* = ha) [(—=2+4p* + h2) (1+p° + ha)] = 0.

9.1flg=1—p2,la=2—p% 13 =1,0 < p < 1, then P(x)) = cs(¢, p) and we have

n

MWT+ny/(—a+4B)h cs(¥, p) ot (—ka+wt+0)
Von fes(¥,p)* +g

(4.47) q, (z,t) =

where f and g are given by

(=2 + p* + ha)ha
1—p?+pt—h3’
3(—=1+ p?)hy

C1—p24pt—h3’

f=

under the constraint condition
h3(2—p* —ha) [ (-1+20" —ho) (L+p* + ha)] =0

If p — 1, then the singular soliton solution is obtained

(4.48) go.1 (z,t) = [/\\/1 + n\/(fa +45) ha ( csch(y) )] ei(—ketwtto)

Vbn [=csch? (¥)ha
1+ho

h3 (1 —hs) [-2+ha+h3] =0

If p — 0, then the periodic wave solution is obtained

such that

1

(449) g, (2,t) = [A\/l +ny/(-a+4B)ha ( cot(¢) )] ’ gil—katut+0)

Vbn (3+(2=h2) cot®(¥)) ha
—1+h3

such that
B3 (2 ha) [(1+ h2)*] =0,

10. If lg = —p? (1 = p?), o =2p* — 1,14 = 1,0 < p < 1, then P(¢) = ds(¢, p) and we have

450)  q, (2.t) = {W””\{[ at4b)h ( ds(1), p) )] R —
o f (ds(v,p)* +g

3=
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where f and g are given by

f= —(=1+2p% — hy)hy
C1-p2pt -3
=30 (=14 p*)ha
1=t -h3]

)

under the constraint condition
R (=1+2p* —ho) [(=2+p* + h2) (1+p*+ ha)] =0

1 Tl = 2,0, = 2250, = 1222 0 < p < 1, then P(¢) =

P(y) = 712';;‘%’;) and we have
(4.51)
1
W IH ny/(—a+48)h ne(, p) £ sc(i, p) ikt wi+0)
q11,1 (:L‘J,) - \/’n 5 € ’
W (ne(ab, p) % sc(u, p)? +
or
1
en(v,p)
4.52 _ AW+ n\/(—a +48) ha 1Esn(,p) i(—kz+wt+6)
( . ) qH,Q (.I',t) - \/En 2 € 9
cn(v,p)
\/f 1:|:sn dfp) +g

where f and g are given by

—8(1+ p* — 2ha)hy
1+ 14p? + p* — 16h3’
12(—1+ p*)hy
1+ 14p? + p* — 16h3’

f=

g =
under the constraint condition
1 1
h3 (2 (1+p° —2h2)> [16 (14 (=6 +p) p+4ha) (1 + p(6+ p) +4ha)| =0

If p — 1, then the combined singular soliton solution is obtained

|~

ne(y, p) + sc(y, p) or

)\\/1—|—n —a+4p8)h sinh(v)) + cosh(y ikt
(453) T (l',t) \/ () ( ) _ 6( kxz+ t-i-9)7
\[n \/—h4(51nh(w)+cosh(w))
L 1+ho 4
or
AV 1 h(1)) — sinh R
(454) s (.’L‘,t) \/ +n\/ —a+ ﬁ CO8 (’(/)) Sln' (w) : ez(—k.’c+wt+9)’
Von \/ —ha(cosh(t) —sinh (1))
1+ho
such that

h3 (1 —hs) [-2+ ha + k3] = 0.
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If p — 0, then the combined periodic wave solutions

(4.55)
1
4,5 (l' t) L /\\/1 + n\/(_a + 4/8) h4 seC(d}) + tan(w) ei(*km+wt+9)7
° V2 Vbn R (—5+4ho+(1+4hso) sin())
(—1+sin(y)) (—14+16h3)
or

3=

cos (1))

4.56 _ AVI+ n\/ —a+ 46 1+sin(v) i(—kz+wt+0)
( . ) Gi1,6 <x7t) - - € ’
2v/bn ha(5—A4ho+(144hs) sin())
(14sin(4h)) (—1+16h3)

are obtained, such that

h2 (;h> [116(1+4h2) } =0.

12. If [y = (-r") =2t = =L,0 < p < 1, then P(¢)) = pen(¢, p) £ dn(v, p) and we

4 2 7
have
(4.57)
)\\/1 + n\/ —a+ 45 pcn(z/), p) + dn(l/f» p) ' i(—kz+wt+0)
a1 ( 7t) - \[ 5 € ’
bn W (pen(w,p) + dn(¥,))” +

where f and g are given by

—8(1 + p2 — 2h2)h4
1+ 14p% + p* — 16h3’
_12(=1+ p*)%hy
1+ 14p2 + p* — 16h3’

f=

under the constraint condition
1
h2< (1+p? —2h2)) [16 (14 (- 6+p)p+4h2)(1+0(6+P)+4h2)} =0

If p — 1, then the singular soliton solution is obtained

1

(4.58) qi21 (z,t) = [/\\/1 + n\/(—a +45) ha ( sech(v) )] i(—kz+wt+0)

\/Bn —haysech?(v)
1+ho

such that
h (1 —ho) [~2+ha+h3] =0

If p — 0, then the periodic wave solution is obtained

(459) q,,, (x.1) = [A\/H”\/ (—a+46) ha (\/w cos()) )] Es—

2\/571 —2+cos(21)—4hs cos? (1))
—1+16h3
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h2 (;h ) [116(1+4h2) } =0.

13.Iflg =, lb = =20, =10 <p<1,then P(¢) = 222 and we have

such that

2 1£en(y,p)
sn(t,p) !
AvL 4 TEen(v,0) (—
(4.60) q,5 (@, t) = Vit \/ —a+4p)h Lden(¥,p) gi(—katwt+o)
Von f sn(t.p) 2
TEen(v,p) p) R

where f and g are given by
8(—1+2p? + 2ha)hy
1 —16p2 + 16p* — 16h3°
—12hy
1 —16p2 + 16p* — 16h3’

=

g:

under the constraint condition

1
hi(Z—p2—h2) [16+2p —2pt +<2—p>h2+h§} =0

If p — 1, then the combined solitary solution is obtained

| AWITFny/(—a+48) hy tanh(¥) kot i8)
4.61) q.,, (z,t) = e )
2vbn ha(54(1—4h3) cosh(¢)+4hs)
(1+cosh(w))(—1+16h§)

such that

hi(;l—h)[116(1—4h2) ] =0.

If p — 0, then the combined periodic wave solution is obtained

sin (1))

M1 +ny/(—a+48)h Ttcos(d) i(—kotw
(462) q,,, (2,t) = VI & B | QR
2vbn h4(3+2(1—2h2)(11:0(;/(’3#)) )
(—1+16R2)

such that

h2 (;—i@) [116( + 4hy) } = 0.

Figures 5 and 6 showcase the remarkable duality of nonlinear wave solutions in the (-
CGLE system, spanning from singular solitons to periodic waves. Figure 5 captures the singu-
lar soliton ¢13,1 (p — 1), characterized by a sharp, kink-like intensity dip (panel a) and stable
propagation (panel b), arising from the interplay of anomalous dispersion (¢ = 1) and fo-
cusing nonlinearity (h4 = —0.82). This solution models Optical rogue waves or topological
defects, with its phase discontinuity offering potential applications in shock wave generation
and singular optics. In contrast, Figure 6 displays a periodic solution gi32 (m — 0), where
trigonometric modulation (panel a) and coherent wavefronts (panel b) reflect parametric wave
mixing or Brillouin scattering in dispersion-managed systems. The transition from singular
Figure 5 to periodic Figure 6 states controlled by the elliptic modulus p highlights the system’s
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Relgis,1(x,)],Im[g13.1(x,1)]

(A) |qiz ] (B) |q13,1]

Re(q)

4L

(Q) lq13,1]

FIGURE 5. The numerical simulations corresponding to |¢i3,1| given by Eq.
(4.61), for p = 1; (a) is the 3D graphic, (b) is the 2D-contour graphic while (c)
is the 3D graphicfor k =18, =5,w =02,v=—-1,vy=1,0=08,a=1,n =
13,0 =0.6,hs = —0.82,c=1.2,a; = 1, hy = 1.

versatility, with hy and hy tuning amplitude and stability. Together, these figures demonstrate
the p%-CGLE capacity to support diverse wave phenomena, from localized singularities to ex-
tended periodic patterns, paving the way for advanced optical technologies in frequency comb
generation, soliton communication, and nonlinear signal processing. This concludes our anal-
ysis, underscoring the rich nonlinear dynamics achievable through parameter engineering in
higher-order wave systems.

14.Iflg = 1,1, = 1228,

(1= 2)2 sn(1p.p)
= ,0< p<1,then P(¢) = ) Ednwp and we have

sn(4,p)
W1 4 B T ‘
463) q. (2.1) = V1+ny/(—a+46)h on($,p)Edn (%) Gil—katutto)

\/l_)n sn (v, 2
_ sn(@p)
I (it ) +o
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Relgra.2(x, 91 Im[ga,2(x,1)]

/”M

(B) IQ13,2|

Re(q)

Im(q)

(Q) lqu3,2]

FIGURE 6. The numerical simulations corresponding to |¢i32| given by Eq.
(4.62), for p = 0; (a) is the 3D graphic, (b) is the 2D-contour graphic while (c)
is the 3D graphic for k =1.8,0 =5,w =0.26,v =1,7=1,=08,a=1,n =
0.23,A=16,hy =0.8,c=12,a1 =1,hy = —

where f and g are given by

—8(1 4 p? — 2ha)ha
1+ 14p2 + p* — 16h3’
—12hy
1+ 14p2 + p* — 16h3’

f=

g =
under the constraint condition

h4< (1+ p? —2h2)> {% (1+(—6+p)p~|—4h2)(1+P(6+P)+4h2)} =0

If p — 1, then the singular soliton solution is obtained

4.64) q,, (x,t)= [)‘\/1 tny/(-a+4p)h (\/ sinh(v)) )] ei(—katwt+6)

Vbn ha(3+(1— hz)smh2(w))
—1+

such that
h3 (1 —hs) [-2+ ha + k3] = 0.
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If p — 0, then the periodic wave is obtained

sin ()
| AWTHny/(—a+4B) R T+cos(y) i(—kat+wt+6)
(4.65) q,,, (z,t) = ——— e )
2vbn h4<3+2(1—2h2)(1f:0(;8/))) )
—1+16h3
such that
B2 (% o) | (14 4ha)?| =0
1\ 2 16 ? '

5. REMARKS

This study examines the Complex GinzburgLandau Equation (CGLE) for soliton propaga-
tion in nonlinear optics, accounting for the presence of a detuning factor. By applying the ¢°-
model expansion method, explicit solutions for bright, dark, periodic, and darkbright solitons
are obtained, along with singular soliton solutions. The analysis is conducted within the frame-
work of power-law nonlinear fibers. The findings are expected to enhance understanding of
the nonlinear dynamical properties of the CGLE. The proposed method offers an efficient and
practical approach for deriving exact solutions to a broad class of nonlinear fractional partial
differential equations.

Figures 1-3 illustrate the temporal behavior of dark, bright, darkbright, periodic, and com-
bined periodic wave solutions, which are relevant to the transmission of energy between spa-
tial locations. Additionally, the study explores the physical interpretation of the parameters
involved in the classical wave transformation, described by Egs. (2.1) and (2.2). The solutions
to Eqs. (4.26), (4.28), (4.30), (4.31), (4.61), and (4.62) describe traveling waves that incorporate
various mathematical constants, reflecting the internal dynamics of the wave under different
parameter values. It is observed that variations in these parameters lead to notable changes in
the traveling wave behavior. In particular, the discussion highlights how changes in the soliton
frequency k influence one of the key internal dynamics of the traveling wave.

6. CONCLUSION

In this study, we have investigated the propagation of optical solitons in nonlinear fibers
governed by the Complex GinzburglLandau Equation (CGLE) with power-law nonlinearity,
incorporating the physical effect of detuning. By employing the recently developed ¢®model
expansion method, we have successfully derived a rich variety of exact traveling wave solu-
tions, including bright solitons, dark solitons, singular solitons, periodic waves, and several
hybrid structures such as darkbright and combined singular forms. The method demonstrated
remarkable efficiency and flexibility in handling the nonlinear structure of the CGLE, yielding
solutions expressed in terms of Jacobi elliptic functions, hyperbolic, trigonometric, rational,
and mixed functional forms. In the limiting cases where the modulus p — 1 or p — 0, these
general solutions reduce to well-known localized solitons or periodic wave patterns, confirm-
ing their physical consistency and dynamical relevance. In particular, the emergence of both
bright and dark solitons under appropriate parametric conditions highlights the model’s ability
to describe diverse nonlinear wave phenomena in optical media with power-law dependence.

From a physical standpoint, the derived solutions contribute meaningfully to the under-
standing of non-linear wave dynamics in optical fibers with power-law non-linearity, a general-
ization of the standard Kerr law that applies to a wide range of real-world materials, including
semiconductors and doped fibers. These findings have direct implications for modern optical
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communication technologies, including ultra-fast pulse transmission, all-optical switching, sig-
nal encoding, and the management of intensity dips and phase discontinuities in logic-based
photonic circuits.

In summary, this research not only advances the analytical treatment of the CGLE under
power-law nonlinearity but also opens new possibilities for engineering stable and control-
lable solitonic structures in nonlinear fiber optics. The interplay between nonlinearity, disper-
sion, and detuning, as captured by the model, reveals a rich landscape of wave behaviors that
can be tuned through parameter engineering. Future studies may extend this framework to
coupled systems, birefringent fibers, or fractional-order generalizations, further expanding its
applicability in both theoretical and applied photonics.
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