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ABSTRACT. This paper investigates the approximation of Horn hypergeometric function H3 using branched con-
tinued fractions. Based on the formal branched continued fraction expansion for the ratio of hypergeometric functions
H3, a branched continued fraction expansion for a specific function is constructed. Numerical experiments using a
custom Python implementation compare the convergence properties of the branched continued fraction approximants
with the partial sums of the corresponding double power series. Results, presented in tables and plots, demonstrate
that the branched continued fraction approach generally offers better convergence properties, including potentially
wider regions of convergence and higher accuracy, particularly in regions where the power series diverges or con-
verges slowly. The convergence behavior is visualized through error plots in different complex planes, suggesting that
the branched continued fraction provides a robust tool for approximating this special function. Additionally, algo-
rithms for computing approximants of continued fractions are studied. The results show that the continuant method
is unstable and slower than the backward recurrence algorithms. The backward recurrence algorithms are stable, and
their parallel implementation is faster than the single-threaded version.

Keywords: Horn hypergeometric function H3, branched continued fraction, convergence, approximation by rational
functions, backward recurrence algorithm.
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1. INTRODUCTION

Current practices in applying modern technology and science in security and defense de-
mand deep knowledge of applied mathematics, particularly special functions. These functions
are used to construct approximate or exact analytical solutions to equations describing complex
processes, such as those in physics, chemistry, and engineering, thereby providing a better and
more meaningful understanding of the properties of these processes and mechanisms. Due to
their importance, many works are dedicated to these functions, and even website was devel-
oped (https://functions.wolfram.com).

Branched Continued Fractions (BCFs) are a natural generalization of classical continued
fractions [9, 10, 11, 13, 26, 27], inheriting many of their properties, including the most impor-
tant approximation characteristics: a wide convergence region, good convergence rate [7, 12,
14, 16, 25], and numerical stability, which involves no accumulation or slow accumulation of
errors when computing approximants [15, 20, 21, 22, 23]. Dmytro Bodnar and his students have
demonstrated the effectiveness of approximating special functions, particularly hypergeomet-
ric functions, using BCFs [1, 2, 4, 5] and [18, 19, 28].
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Despite significant achievements in approximating special functions, this topic remains one
of the most important in the analytical theory of BCFs and still has many open problems, espe-
cially concerning hypergeometric functions.

One of the main tasks is investigating the convergence and numerical stability of BCF expan-
sions for hypergeometric functions. Given the small number of theoretical studies regarding
their convergence, applied research into these expansions, particularly for the Horn function
H3, is an interesting direction that should be explored to bring new knowledge to the study of
special functions.

2. BRANCHED CONTINUED FRACTION EXPANSION

Let us consider Horn’s hypergeometric function H3 [24], defined as a double power series
(DPS) of the form

H3(α, β; γ; z) =

+∞∑
r,s=0

(α)2r+s(β)s
(γ)r+s

zr1z
s
2

r!s!
,(2.1)

where α, β, γ ∈ C, γ /∈ {0,−1,−2, . . .}, z = (z1, z2) ∈ C2, (x)k is the Pochhammer symbol, and
let I be a set of multiindices

I = {i(k) = (i1, i2, . . . , ik) : 1 ≤ ir ≤ 2, 1 ≤ r ≤ k, k ≥ 1}.

In [3], a formal BCF expansion for the ratio of functions (2.1) was obtained:

H3(α, β; γ; z)

H3(α+ 1, β; γ + 1; z)
= 1 +

2∑
i1=1

ci(1)(z)

di(1)(z) +

2∑
i2=1

ci(2)(z)

di(2)(z)+ . . .

,(2.2)

where the elements are determined by the formulas

c1(z) = −
(2γ − α)(α+ 1)z1

γ(γ + 1)
, c2(z) = −

β(γ − α)(1− 4z1)z2
γ(γ + 1)

,(2.3)

di(k)(z) = 1−
α− β − 1 +

∑k−1
r=0(δ

1
ir
− δ2ir )

γ + k
δ2ikz2 − 2

2γ − α+ k +
∑k−1

r=0 δ
2
ir

γ + k
δ2ikz1,(2.4)

ci(k),1(z) = −
(2γ − α+ k +
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r=0 δ

2
ir
− 2δ2ik(2γ − α− β + k)z2)(α+

∑k
r=0 δ

1
ir
)z1

(γ + k)(γ + k + 1)
,(2.5)

ci(k),2(z) = −
(β +

∑k
r=0 δ

2
ir
)(γ − α+

∑k
r=0 δ

2
ir
)(1− 4z1)z2

(γ + k)(γ + k + 1)
(2.6)

for all i(k) ∈ I , where i0 = 1, δji is the Kronecker delta. In [6], it was proved that if the
parameters of the function (2.1) satisfy the inequalities γ ≥ α ≥ 0, γ ≥ β ≥ 0, then BCF (2.2)
converges to a finite value f(z) for every z ∈ G, where

G = {z ∈ C2 : |z1| ≤ h1, |z2| ≤ h2},

and h1, h2 are positive constants such that

8h1(1 + 2h2)(1− 4h1 − h2) + 4(1 + 4h1)h2 ≤ (1− 4h1 − h2)
2

and, in addition the convergent is uniformly on every compact subset of Int(G) to a function
f(z) holomorphic in Int(G). It was also proved that this BCF converges uniformly on every
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compact subset of the set

H =
⋃

φ∈(−π/2,π/2)

Gφ,

to a function f(z) holomorphic in H, where

Gφ = {z ∈ C2 : Re(z1e−iφ) < λ1 cosφ, |Re(z2e−iφ)| < λ2 cosφ,

|zk|+ Re(zke−2iφ) < νk cos
2 φ, k = 1, 2, |z1z2| − Re(z1z2e−2φ) < ν3 cos

2 φ},

where λ1, λ2, ν1, ν2, ν3, µ1, µ2 are positive constants such that

ν2 + 4ν3
µ2

≤ min

{
2(1− µ1)− 2

ν1
µ1

, 2(1− 4λ1 − λ2 − µ2)−
2ν1 + 4ν3

µ1

}
.

Note that for φ = 0, the set H is the convergence set established in [3, Theorem 2]. Since the
sets Int(G) and H contain a neighborhood of the origin, considering the proof of part (B) of [3,
Theorem 2], we conclude that the function f(z) is the analytic continuation of the function on
the left side of equality (2.2) into Int(G) and H . Also, note that in both cases, no estimate for
the rate of convergence of the BCF (2.2) was established.

Using expansion (2.2), let’s construct the BCF expansion for the function

H3(1, 1; 3/2;−z) =
−1

4
√
z2 − z1 + z22

ln
1 + 2z2 − 2

√
z2 − z1 + z22

1 + 2z2 + 2
√

z2 − z1 + z22
.(2.7)

It is known [8] that

H3(1, 1; 3/2;−z) =
+∞∑
r,s=0

(−1)r+s (1)2r+s(1)s
(3/2)r+s

zr1z
s
2

r!s!
.(2.8)

Setting α = 0, replacing γ with γ − 1, and considering that H3(0, β, γ − 1; z) = 1, from (2.2) we
obtain

H3(1, β; γ; z) =
1

1 +

2∑
i1=1

ci(1)(z)

di(1)(z) +

2∑
i2=1

ci(2)(z)

di(2)(z) + . . .

,(2.9)

where the elements of the BCF are defined by (2.3)–(2.6), in which α = 0, and γ is replaced by
γ − 1. Next, setting β = 1, γ = 3/2 in (2.9), we obtain the BCF expansion for function (2.7):

H3(1, 1; 3/2;−z) =
1

1 +

2∑
i1=1

ci(1)(z)

di(1)(z) +

2∑
i2=1

ci(2)(z)

di(2)(z) + . . .

,(2.10)
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where

c1(z) =
4z1
3

, c2(z) =
2(1 + 4z1)z2

3
,(2.11)
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)(1 + 2
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2
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(2k + 1)(2k + 3)
(2.14)

for all i(k) ∈ I .
Since the parameters of the hypergeometric function in (2.8) satisfy the conditions γ ≥ α ≥

0, γ ≥ β ≥ 0, from the above we conclude that the BCF (2.10) converges to a finite value f(z)
for every z ∈ G, and, moreover, converges uniformly on every compact subset of Int(G) to
the function f(z) holomorphic in Int(G), and also that (2.10) converges uniformly on every
compact subset of H . Furthermore, the function f(z) is the analytic continuation of function
(2.7) into Int(G) and H .

Note that the problem of choosing optimal values for h1, h2 for G and λ1, λ2, ν1, ν2, ν3, µ1, µ2

for H remains open.

3. APPROXIMATION OF THE SPECIAL FUNCTION (2.7)

From a computational perspective, approximating H3 using BCFs involves several key as-
pects: developing efficient algorithms that can compute approximants to H3 with minimal
computational resources while maintaining high accuracy; studying the convergence behavior
of the BCF approximation, including the region of convergence and the rate of convergence;
ensuring numerical stability in the recursive computation of approximants, so that rounding
errors are not accumulated — which is especially important for high-order approximations.

Let n ∈ N be a fixed natural number and fn(z) be an nth approximant of the expansion (2.9).
For a comparative analysis of the accuracy and convergence rate of the function approxima-

tion, software was created, the main purpose of which is to calculate the approximate values
of functions of two variables using two methods:

• Branched continued fraction: Calculation of the nth approximants according to the BCF
expansion;

• Double power series: Calculation of the nth partial sums of the DPS.

Technology stack:

• Programming language: Python;
• Development environment: PyCharm.

Main components and functionality:

(A) BCF Computation
• Classes implemented for calculating the partial numerators and denominators of the

BCF.
• A recursive approach using the backward recurrence algorithm is used to calculate

the value of the nth approximant of the BCF, which involves calculating the tails of
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the nth approximant according to the formulas:

G
(n)
i(k)(z) = di(k)(z) +

2∑
ik+1=1

ci(k+1)(z)

G
(n)
i(k+1)(z)

, i(k) ∈ I, 0 ≤ k ≤ n− 1, G
(n)
i(n) = di(n), i(n) ∈ I.

(B) Series Sum Computation
• Classes implemented for calculating the nth order partial sums of the DPS.
• Auxiliary methods implemented for calculating Pochhammer symbols, Kronecker

deltas, and other related mathematical constructs.
(C) Analysis and Comparison

The software allows analysis and comparison of relative errors (Table 1) of the calculated
function approximations at specified points z in the complex plane C2.

(D) Visualization
The software provides the ability to visualize results, compare approximation plots with

the exact function values, and plot regions, where the BCF approximant and the power
series partial sum achieve a specified approximation accuracy.

Let’s analyze the approximation errors of function (2.7) using the BCF (2.10) and the DPS
(2.8). Table 1 shows the relative errors of approximation at some points in C2 for function (2.7)
by the 20th approximant f20(z) and the 20th partial sum S20(z). Analyzing the data in this
table, we see that the BCF provides a better approximation than the DPS. Furthermore, there
are points where the BCF converges, but the DPS diverges.

z (2.10) (2.8)

(0.1250+0.0000i, 0.2500+0.0000i) 1.55×10−16 5.07×10−09

(0.1250+0.0000i, 0.3750+0.0000i) 6.88×10−14 4.37×10−09

(0.5000+0.0000i, 0.2500+0.0000i) 1.07×10−12 1.13×10+04

(0.1083+0.0625i, 0.2165+0.1250i) 2.12×10−16 5.39×10−09

(0.3248+0.1875i, 0.4330+0.2500i) 1.37×10−13 2.60×10+01

(0.4330+0.2500i, 0.6495+0.3750i) 5.61×10−12 6.77×10+05

(0.0625+0.1083i, 0.1250+0.2165i) 3.14×10−16 6.50×10−09

(0.1875+0.3248i, 0.1250+0.2165i) 3.62×10−13 4.19×10+01

(0.0000+0.1250i, 0.0000+0.2500i) 1.01×10−14 9.05×10−09

(0.0000+0.3750i, 0.0000+0.2500i) 9.20×10−12 6.01×10+01

(-0.0625+0.1083i, -0.1250+0.2165i) 1.82×10−12 1.48×10−08

(-0.1875+0.3248i, -0.2500+0.4330i) 8.26×10−10 9.59×10+01

(-0.0625-0.1083i, -0.1250-0.2165i) 1.82×10−12 1.48×10−08

(-0.1875-0.3248i, -0.2500-0.4330i) 8.26×10−10 9.59×10+01

(0.0000-0.1250i, 0.0000-0.2500i) 1.01×10−14 9.05×10−09

(0.0000-0.3750i, 0.0000-0.2500i) 9.20×10−12 6.01×10+01

(0.0625-0.1083i, 0.1250-0.2165i) 3.14×10−16 6.50×10−09

(0.1875-0.3248i, 0.1250-0.2165i) 3.62×10−13 4.19×10+01

(1.0000+0.0000i, 2.0000+0.0000i) 9.73×10−09 3.71×10+20

TABLE 1. Relative Errors of 20th Approximant and the 20th Partial Sum for
(2.7)

Figure 1(A) and 1(B) show plots of the values of the BCF approximants (2.10), the partial
sums of the DPS (2.8), and function (2.7) for z1 ∈ (−0.05, 0.25) and z2 = −0.65. These figures
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also illustrate the advantages of approximating function (2.7) with the BCF compared to the
DPS.

(A)

(B)

FIGURE 1. The plots of values of nth approximants of the BCF (A) and nth
partial sums of the DPS (B) for function (2.7) with z2 = −0.65.

Figure 2(A)–(D) show regions in different planes where the 11th approximant of the BCF
(2.10) guarantees specified absolute error bounds for the approximation of function (2.7). Sim-
ilarly, Figure 3(A)–(D) would depict regions where the 11th partial sum of the double power
series (2.8) guarantees specified absolute error bounds for the approximation of function (2.7).
As can be seen, the BCF (2.10) converges fastest in regions close to the origin, and the rate of
convergence decreases as the distance from the origin increases. Considering the results of
the applied research and the analytical expressions for the regions Int(G) and H , we conclude
that there are wider convergence regions for the BCF (2.10), and consequently, wider regions of
analytic continuation for the special function (2.7). Furthermore, the configurations of the re-
gions in Figure 2(A)–(D) indicate the possibility of an analytical description of the convergence
regions in different planes.
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(A) (B)

(C) (D)

FIGURE 2. Regions where the 11th approximant of BCF (2.10) guarantees spec-
ified absolute error bounds for the approximation of function (2.7) for (A)
Im(z1) = Im(z2) = 0, (B) Im(z1) = Re(z2) = 0, (C) Re(z1) = Im(z2) = 0,
(D) Re(z1) = Re(z2) = 0.

4. COMPARATIVE ANALYSIS OF THE EFFICIENCY OF ALGORITHMS FOR COMPUTING
APPROXIMANTS OF BRANCHED CONTINUED FRACTIONS

This section examines and compares four approaches to computing the nth approximant
of the branched continued fraction (2.10): the classical backward recurrence algorithm (BR
algorithm), its parallel implementations on CPU and GPU, as well as the continuant method.
Particular attention is devoted to the execution speed of the algorithms and their robustness
against the accumulation of rounding errors.

We consider the approximant of the branched continued fraction as a tree-like structure of
depth n, whose nodes are the coefficients ci(k) and di(k). Each node of the tree is characterized
by a multiindex index = (i1, i2, . . . , ik), where k − 1 denotes the depth level (the layer of the
branched continued fraction) for coefficients ci(k) and k denotes the depth level for coefficients
di(k).

The classical BR algorithm computes the nth approximant of the branched continued frac-
tion by performing a reverse traversal (bottom-up), that is, starting from the leaf coefficients
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(A) (B)

(C) (D)

FIGURE 3. Regions where the 11th partial sum of power series (2.8) guarantees
specified absolute error bounds for the approximation of function (2.7) for (A)
Im(z1) = Im(z2) = 0, (B) Im(z1) = Re(z2) = 0, (C) Re(z1) = Im(z2) = 0, (D)
Re(z1) = Re(z2) = 0.

and proceeding towards the root of the fraction. The algorithm is implemented as a recursive
function that takes three arguments:

1. depth — the current recursion depth (with value 0 corresponding to the coefficients d0, c1
and c2).

2. index — an array of length n representing a multi-index that uniquely identifies the path
to a coefficient within the fraction structure.

3. n — the order of the approximant, corresponding to the maximum depth of computation.

To access the coefficients of the fraction, auxiliary functions get_d(index, depth) and
get_c(index, depth) are employed, which return the values di(k) and ci(k), respectively.

The pseudocode of the BR algorithm has the following form:
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Algorithm 1 BR-algorithm

1: function BR_RECURSIVE(index, depth, n)
2: v ← get_d(index, depth) ▷ Retrieve coefficient d at current depth
3: if depth == n then
4: return v ▷ Maximum depth reached
5: end if
6: for i = 1 to 2 do ▷ Sum contributions of child branches
7: index[depth]← i
8: v ← v + get_c(index, depth)/br_recursive(index, depth + 1, n)
9: end for

10: return v
11: end function

This implementation allows one to compute the value of the branched continued fraction
by invoking the function with arguments depth = 0 and an initial array initial_index =
(0, 0, ..., 0) of length n. Moreover, it makes it possible to compute any remainder of the
approximant (a subfraction) by specifying the required multi-index and the depth of the first
coefficient di(k) of this subfraction.

Here we consider a parallel version of the BR algorithm in which multiple processes com-
pute subfractions simultaneously on the CPU. At each depth level, these subfractions can be
calculated independently, as they do not depend on one another until their results are summed.
This allows the workload to be distributed across several processes, speeding up the execution
of the algorithm.

The parallel BR algorithm can be formally described by the following pseudocode:
A parallel version of the BR algorithm has also been implemented using the Numba library,

which enables the creation of CUDA [17] kernels for computations on the GPU. This imple-
mentation is similar to the CPU version; however, GPU threads are used instead of processes.
Since Numba does not support recursive calls within CUDA kernels, the recursive function
was replaced with an iterative implementation using a loop and a stack to simulate recursion.

The continuant method computes the value of the nth approximant of the branched con-
tinued fraction as the ratio of the determinants of two matrices, C0 and C1. The matrix C0

is constructed such that its main diagonal contains the coefficients di(k), the entries above the
main diagonal are the coefficients ci(k), and symmetrically to them (below the main diagonal)
are the values −1; all other elements of the matrix are zero. The matrix C1 is obtained from C0

by removing the first row and the first column.
The form of the matrix C1 is presented below:

d0 c1 c2 0 0 0 0 · · ·
−1 d1 0 c11 c12 0 0 · · ·
−1 0 d2 0 0 c21 c22 · · ·
0 −1 0 d11 0 0 0 · · ·
0 −1 0 0 d12 0 0 · · ·
0 0 −1 0 0 d21 0 · · ·
0 0 −1 0 0 0 d22 · · ·
...

...
...

...
...

...
...

. . .


The continuant method can be formally described by the following pseudocode:
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Algorithm 2 Parallel BR-algorithm

1: function RECURSIVE_PARALLEL(n, num_processes)
2: if n == 1 then
3: return BR_RECURSIVE(initial_index(n), 0, n)
4: end if
5: ▷ Determine the optimal depth for parallelization
6: parallel_depth← ⌊log2(num_processes)⌋
7: if parallel_depth ≥ n then
8: parallel_depth← n− 1
9: end if

10: ▷ Generate the set of all multi-indices of length parallel_depth in lexicographic order
11: indices_set← generate_indices(length=parallel_depth)
12: ▷ 1. PARALLEL PHASE: compute independent subfractions
13: results← {} ▷ Storage for results
14: for all idx ∈ indices_set in parallel do
15: results[idx]← BR_RECURSIVE(idx, parallel_depth, n)
16: end for
17: ▷ 2. SEQUENTIAL PHASE: compute the upper part of the fraction
18: ▷ Modify get_d to return precomputed results at parallel_depth
19: function GET_D_MEMOIZED(index, depth)
20: if depth == parallel_depth then
21: return results[index]
22: else
23: return GET_D_ORIGINAL(index, depth)
24: end if
25: end function
26: return BR_RECURSIVE(initial_index(n), 0, parallel_depth)
27: end function

Algorithm 3 Continuant Method

1: function CONTINUANT_METHOD(n)
2: ▷ Construct the matrix C0 according to the fraction structure
3: C0 ← construct_matrix(n)
4: ▷ Obtain the matrix C1

5: C1 ← C0 without the first row and column
6: ▷ Perform LU decomposition for both matrices
7: L0, U0 ← LU_decomposition(C0)
8: L1, U1 ← LU_decomposition(C1)
9: ▷ Extract diagonal elements of U

10: d0 ← diagonal elements of U0

11: d1 ← diagonal elements of U1

12: ▷ Note: computing the determinants directly may cause variable overflow, so we use
element-wise division of the diagonal elements instead

13: ▷ Calculate the result as the product of diagonal elements ratios
14: return d0[0] ·

∏length(d0)−1
i=1

d0[i]
d1[i−1]

15: end function
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Figure 4 shows that the relative error of computing approximants using the continuant
method increases with n, whereas the relative error for different implementations of the BR
algorithm remains within machine epsilon. Furthermore, the continuant method requires a
significant amount of memory, as the sizes of the matrices C0 and C1 grow exponentially with
n. In this study, approximants were computed only up to n = 21, since for n = 22 the required
memory would exceed 32 GB.

(A) (B)

FIGURE 4. Execution time and relative error of computing the branched con-
tinued fraction approximant (2.10).

For small values of n (up to 7), the classical BR algorithm implementation is the fastest. For
n > 7, the GPU implementation of the BR algorithm becomes faster than the classical one. In
all cases, the continuant method is slower than the classical BR algorithm and, for n > 18, is
outperformed by the parallel BR algorithm on the CPU.

The BR algorithm executed in parallel on the CPU involves process creation, which requires
additional time, making it slower than other implementations for n ≤ 18 (see Fig. 5). However,
for n > 18, the advantage of parallel execution outweighs the overhead of process creation, and
this implementation becomes faster than both the classical BR algorithm and the continuant
method.

FIGURE 5. Execution time of the parallel GPU implementation of the BR algo-
rithm.
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As the value of n increases, the parallel GPU implementation of the BR algorithm engages
more threads, but only at the last level of the fraction. This means that the workload per
individual GPU thread does not increase; instead, the number of active threads and the load
on the CPU grow. For n > 16, however, the additional workload falls solely on the GPU, while
the CPU workload remains constant. Consequently, in the range 17 ≤ n ≤ 25, the growth
of execution time slows down: all GPU threads are fully utilized, and each thread handles a
relatively small portion of the work. For n > 25, the workload per thread increases significantly
again, leading to a faster increase in execution time.

5. CONCLUSION

In this work, using the expansion of the ratio of Horn’s hypergeometric functions H3 [5], an
expansion for the special function (2.7) into BCF (2.10) was constructed. To construct and ana-
lyze the approximations (using nth approximants and nth partial sums) of this special function,
specialized software was developed. The analysis of the applied research showed that the nth
approximants converge fastest in regions close to the origin, and the rate of convergence de-
creases with increasing distance from the origin. Furthermore, the constructed BCF expansion
has a wider convergence region and a better rate of convergence compared to the correspond-
ing hypergeometric series.

Numerical experiments confirmed the feasibility and effectiveness of using BCFs as a tool
for approximating special functions, particularly hypergeometric functions. Graphical illus-
trations indicate the potential for developing a new and promising direction in the analytical
theory of continued fractions: the study of convergence regions of BCFs in various planes. The
practical results obtained can also be used to investigate the convergence of BCF expansions of
other special functions.

Additionally, different implementations of the BR algorithm and the continuant method
were analyzed in terms of execution time and rounding errors. The BR algorithm was found
to be stable, whereas the continuant method exhibited instability. Moreover, the continuant
method is slower than the other approaches. The parallel implementation of the BR algorithm
is faster than the single-threaded version, and its performance improves as more threads are
used.
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